Algebraic Eigenvalue Problem

Computers are useless. They can only give answers.

Pablo Picasso




. . |

Thisunit requiresthe knowledge of eigenvalues
and eigenvectorsin linear algebra.

Thefollowing topics will be presented:
» The Power method for finding the lar gest

eigenvalue and its corresponding eigenvector
»Coordinaterotation

»Rotating a symmetric matrix

» Classic Jacobl method (1846) for finding all
eigenvalues and elgenvector s of a symmetric
matrix




Eigenvalues & Eigenvectors: 1/3

®Given asguarematrix A, if onecan find a
number (real or complex) A and a vector x such
that A-x = Ax holds, A isan eigenvalue and x an
eigenvector correspondingto A (of matrix A).

® Sincetheright-hand side of A-x = Ax can be
rewritten as Al-x, wherel istheidentity matrix,
we have A-x = Al-x and (A-Al)x = 0.

® Solving for A from equation det(A-Al) = Oyields
all eigenvaluesof A, where det() isthe
deter minant of a matrix.



Eigenvalues & Eigenvectors: 2/3

®If Aisanxn matrix, det(A-Al) =0isa
polynomial of degreenin A, and hasn roots (i.e,,
n possible valuesfor A), some of which may be
complex conjugates (i.e., a+bi and a-bi).

® However, peoplerarey usethismethod to find
elgenvalues because (1) directly expanding
det(A-Al) = 0to apolynomial istedious, and (2)
thereisno close-form solution if n > 4.

®Many methodstransform A to smpler forms so
that det(A-Al) = 0 can be obtained easlly.



Eigenvalues & Eigenvectors: 3/3

® The eigenvalues of a diagonal matrix areits
diagonal entries.

®For example, If we have a diagonal matrix:
d ]
d,

d,,

n_

d

n_i

®Then, det(A-A)=0is
(d, -A)d, -A...d,, -A)(d, -4) =0
®Hence, theroots of det(A-Al)=0 arethed’s.



Power Method: 1/11

®\What If wetake a guessz and compute A-z?

®|f zisactually an eigenvector, then A-z=Az.

®Letw=A-z=Az. Sincefor every entry of w
and zwe havew, = Az and A = w/z.

®|f zisnot an eigenvector, then w may be a
vector closer to an eigenvector than z is.

® Therefore, we may usew in thenext iteration to
find an even better approximation.

®From w, we haveu = A-w: from u we havev =
A-u; etc. Hopefully, some vector x will satisfy
A-X = AX.



Power Method: 2/11

® Notethat: if x Isan eigenvector, ax iIsalso an
eigenvector because ol(A-x)=a(Ax) and A-(ox)
= A(0x)!

® Therefore, we may scale an eigenvector. The
simplest way iIsto scale the vector by the
component with maximum absolute value.
After scaling, the value of each component Is
in[-1,1].

® Example: Let x be[15, -20, -8]. Since|-20| is
thelargest, the scaling factor is-20 and the
scaled x i1s[-15/20, 1, 8/20].



Power Method: 3/11

® T his scaling has an advantage.

®Glven a vector z, we computew = A-z.

®I|f wisa good approximate of Az, we havew = Az
= A-z

® Therefore, we should havew. = Az for every .

®|f vector zisscaled so that itslargest entry, say
Z,1s1, thenw, = Az = A

®|n other words, the scaling factor isan
approximation of an eigenvalue!



Power Method: 4/11

®\We may start with a zand compute w=A-z.

® Thelargest component w, of w isan
approximation of an eigenvalue A (i.e., w, = A).

®Then, w isscaled with itslargest component w,
and used asa new z (i.e.,, z=w/w,).

® Thisprocessisapplied iteratively until we have
|A-z—w,z| < e, wheree isatolerance value.



Power Method: 5/11

® Suppose this process starts with vector x,.

®The computation of X; isx; = wi/w, , = (A-X;_.)/w;
wherew, , Isthe maximum component of w,.

®3incex , =w,_,/w (A-X2)W,_q ., we may
rewritet eX; asfojlro sfor somec dand g:

X = (A%, = C(dA(AX;.) = GA%X,

OContinuing this process, we have the following
for somep:

X; = PA'X,
OHence X; 1S obtained by some power of A, and,
hence, the* power” method.
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Power Method: 6/11

®Example: Consider the following 2x2 matrix
"y 3"
1 4

®This mat_rix ha_s elgenvalues5 and 1 and
corresponding eigenvectors|1,1] and [-3,1]

® et usstart with z=[1/2,1] . Since the maximum
entry of zis 1, no scaling is needed.

® Computew=A-z =[4,9/2].

A=

11



Power Method: 7/11

® Since w=[4,9/2] and itslargest entry i1s 9/2,
® T he approximate eigenvalueis 9/2
®Thescaled z=w/(9/2) =[8/9,1]

® Computew = A-z =[43/9,44/9]. Now, we have
® T he approximate eigenvalue is 44/9
®Thenew z=[43/44,1]

® Computew = A-z=[109/22,219/44] and we have
® T he approximate eigenvalueis 219/44
®Thenew z=[218/219,1]

® After 3 iterations, we have an approximate
eigenvalue 219/44 = 4,977 =5 and eigenvector
[218/219,1] =[0.9954,1] =[1,1].

12



Power Method: 8/11

®A Istheinput matrix, z an approx. eigenvector

z = random and scaled vector ! initialize
DO ! loop until done
W = A*Zz
max = 1 ! find the |max| entry

DO 1 = 2, n

IF (ABS(w(i)) > ABS(w(max))) max = 1i
END DO

eigen value = w(max) ! ABS(w(max)) the largest
DO i =1, n ! Scale w(*) to z(¥%)

z(1i) = w(i)/eigen_value
END DO

IF (ABS(A*z - eigen value*z)) < Tol) EXIT
END DO




Power Method: 9/11

®Example: Find an eigenvalue and its

corresponding eigenvector of A, x,=[1,1,1,1]:
11 -26 3 -12
3 -12 3 -6
31 —99 15 —44
9 -10 -3 -4

2 2aYaY aa\V4

®|ter 1. ‘v“\i:[-24,-12@-8], approx. A =-97 and
new z=w/(-97)=[0.247423,0.123711,1,0.0824742].
®|ter 2: w=[1.51546,1.762836.7938D,-2.34021],

approx. A = 6.79381, z=w/(6.79381) =
[0.223065,0.259484,1,-0.344461]
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Power Method: 10/11
®iter 3 w = [2.84067,2.62216(11.3824)-2.20941],

approx. A = 11.3824, new z=w/A=[0.249567,
0.230369,1,-0.194107]

®|ter 4: w=[2.08492,2.14891(8.47/074)-2.28116],

approx A = 8.47074, new z=wWJA =
[0.246132,0.253687,1,-0.269299]

®15 more 1terations .........

®|ter 19: approx. A =9 and corresponding
eigenvector (i.e., z) =[0.25, 0.25,1,-0.25]

15



Power Method: 11/11

®What does power method do?

®|t findsthelargest eigenvalue (i.e., dominating
elgenvalue) and its corresponding eigenvector.

®|f vector zis perpendicular to the eigenvector
corresponding to the largest eigenvalue, power
method will not convergein exact arithmetic.

® T hus, z may bearandom vector, initially.

®Convergencerateis|A,/A,|, whereA, and A, are
the largest and second largest eigenvalues.

®|f rateis<< ], faster convergenceispossible. If
Itiscloseto 1, convergence will be very slow. 16



Jacobl Method: Basic Idea

®Finding all eigenvalues and their corresponding
elgenvectorsisnot an easy task.

® However, in 1846 Jacobi found arelatively easy
way to find all eigenvalues and elgenvectorsof a
symmetric matrix.

® Jacobi suggested that a symmetric matrix would
be diagonal after being transfor med r epeatedly
with appropriate“rotations.”

®| n what follows, we shall talk about coordinate
rotation, rotations applied to a symmetric matrix,
and Jacobi’s method.

17



Coordinate Rotation: 1/2

® Supposerotating system
(x,y) an angle of #yields
(xX’,y'). Therdationship
between (X',y’) and (X,y) IS
X'=cos(f8)X+sin(8)y
y'=—sin(f)Xx+cos(8)y

®Thiscan berepresented in
amatrix form; rotation matrix

""""""""""
*®
.

X' | cos(0) sin(é’)”: X
y'[+.| —sin(6) cos(6)4 |y

18



Coordinate Rotation: 2/2

® An n-dimensional rotation matrix 1s nxn.

®|f rotation ison the x;-x, plane with an angle 6,
the (p,q)-rotation matrix R, ,(0) Is:

|
| s : 0
1 :
RN 7 W s W
R,q(0)= : 1 .
Lo D G oug
. . 1
colp§ col g .



Symmetric Matrix Rotation: 1/11

® A symmetric matrix A = [a;] .., Isamatrix
satisfyinga;; =a;, wherel<i<j<n.

®|n other words, a symmetric matrix is
“symmetric” about its diagonal.

®Thetranspose of matrix BisB'.

®Rotation matrix R, ,(0) isnot symmetric.

®Rotating a matrix A with rotation matrix R is
computed asA’ = RTeAeR

®If A is symmetric, A’ is also symmetric.

20



Symmetric Matrix Rotation: 2/11

®Given asymmetric matrix A = [a ], and a
rotation matrix R, (0), written asR for
simplicity, find A’ = RTeAeR.

®Thisisan easy task: we compute H=AeR,
followed by A’ = RTeH.

® Do we haveto use matrix multiplication?

®NO, it isnot necessary dueto thevery simple
form of therotation matrix R and R'.

21



A.R.:

Symmetric Matrix Rotation: 3/11

®Observation: AeR isidentical to A except for
column p and column g (C=cos(6) and S=sin(0))

T T




Symmetric Matrix Rotation: 4/11

®AeR Iscomputed asfollows, whereCand Sare
cos(0) and sin(0), respectively.

®Other than column p and column g, all entries
areidentical tothose of A.

a ,C-2a,S a ,S+a,,C |
aQ’pC — aQ’qS al az,pS+ aQ’qC
: i |
a, ,C-a,,S a,,S+a, C

AeR= a”- : K ai,i
aq,pC N aq,qS aq,pS+ aq,qc
an—l,pC — an—l,qS an—l,pS+ a‘n—l,qC

_ a,,C-a,,S | j[a,S+a,.C [

col p col g



Symmetric Matrix Rotation: 5/11

® Suppose we have computed H=AeR, how do we
compute A’=RTeAeR=RTeH?
®Thetransposeof R, RT, isvery similar toR

T

241




Symmetric Matrix Rotation: 6/11

®Computing A’=RTeH isvery similar to

®Theonly differenceisrow

RT.H:

computing AeR.

9

1 fp

0 and row q.




Symmetric Matrix Rotation: 7/11

O®Hereistheresult of A’=RTeAeR=RTeH:

P EaLpC—a‘,qS g Ea1,pS+ a C

ai,j E:aZ,pC_aqu E?2,ps+a2,qc au

p apJC — anS ap72C - amS - . e apanC - aq,nS
RT ° A. R:. ............................... .0. ....................... )
p ‘ e :

[ ] .a. 61 .S.+.a.'q‘1.c. [ J ?’e’z.s.-l._ jag’z.c. [ ] .... ....... 569 g [ ) o0 00000O0COEOGFOSGEOSOS an Q?;*_.%D?.
a| J : a, pQ o a11—1,qq Ean—l,p‘3+ aﬂ—l,q(': a| J
i ’ :a,,C-a,,S a,,5+a,,C ’

Because of symmetry, we only
' _ 2 _ 2 .
Ap’p = ap,pC 2ap’qC>< S+ aq’qs update the upper triangular part.

o 2 2
A . —ap,pS +2ap,qC><S+ aq,qC

d,

Ap :Aq,p:(ap,p_aq,Q)CXS-l_apaq (C2_82) N




Symmetric Matrix Rotation: 8/11

®Part I: Updatea, ,, a,,and a,,, wherep <q.
A ,=a, C'-2a CxS+a, S
A, =a,,S +2a,,CxS+a, ,C’

A;O’q = A\;,p =(a,, —a8,,)Cx S+ ap,q(C2 - S%)

q.9°

PART I: ©Update a(p,p), a(q,q), a(p,q)
C =cos(0) and S = sin(0)
a(*,*) 1s an nxn symmetric matrix

p, 4 : for (p,q)-rotation, where p < gq

App C*C*a(plp) = 2*C*S*a(plq) + S*S*a(qlq)

R\
N/
\
\/

AQq S*S*a(p,p) + 2*C*S*a(p,q) + C*C*a(qg,q)

Y\
./

Apq

C*S*(a(p,p)-a(g,q)) + (C*C-S*S)*a(p,q) ﬂ
a(p,p)

a(qg,q)
a(p,q)

n un nu
2
Q

27

NOTE: only the upper triangular portion isupdated!



Symmetric Matrix Rotation: 9/11

®Part Il: Update Row 1 to Row p-1.
A',p =8 ,0-3,S
A,=a S+aC

PART II: Update column p and column g from
row 1 to row p-1.

h is used to save the new value of a(i,p)

11 ©
{1 o

since a(i,p) is used to compute a(i,q)

and cannot be destroyed right away! [l ]
S M
DO i =1, p-1 Y b
h = C*a(ilp) - S*a(ilq) A
a(i,q) = S*a(i,p) + C*a(i,q) Y T
a(ilp) = h
END DO

28

NOTE: only the upper triangular portion is updated!



Symmetric Matrix Rotation: 10/11

®Part Ill: Update Row p+1to Row g-1.
A',p = ai,p(:_a'i,qS

! PART III: Update the portion between A,q = a1,ps+a1,qc
row p+l and row g-1 P g

1 1

of a(p,1) because a(p,1) is used
to compute a(i,q) and cannot be
destroyed right away! V

1
1
1
! h is used to save the new value
1
1
1

(
DO i1 = p+l, g-1

h = c* ’. - S* .’ [

. a(p,1) ali,q) a(p,i)
a(i,q) = S*a(p,1) + C*a(1,q) a(i.q)
a(p,i) = h 4

END DO

Note the symmetry in the update!
Notealsothat a(p,i) = a(i,p) anda(q,i) = a(i,q)

29



Symmetric Matrix Rotation: 11/11

®Part IV: Update Row g+1to Row n .

I PART IV: Update column g+l to column n .
? : /\J>=:atpc>_5%ﬂ53

|

!

! h is used to save the new value A —a S+a C
! of a(p,i) because a(p,i) is used to a P .4

! compute a(g,i) and cannot be

! destroyed right away! Eﬂ rﬂ

! Due to symmetry, this part actually

! updates the last sections of row p

Py | ™ -~ o~
ana Row J

DO 1 =qg+l1, n

h = C*a(pli) - S*a(QIi)
a(q,i) = s*a(p,i) + C*a(q,1i)
a(pli) = h

END DO

Note the symmetry in the update! 30



Eigenvalues of 2x2 Symmetric
Matrices: 1/4

®Consider a 2x2 symmetric matrix A:

A=

a,,

S

a,

b,

wherea, =a,,

® Applying arotation in the xy-planeyieldsthe
following symmetric matrix A’ for some angle 0,
where C=cos(0) and S=sin(0) :

A=R"-A-R=|""

a,,C’ -2a,CxS+a,,S" (a,-8a,,)CxS+a,,(C*-S)

a,,S’ +2a,CxS+a,,C’

31



Eigenvalues of 2x2 Symmetric
Matrices: 2/4

® T he off-diagonal element is
(a, -a,,)CxS+a,(C* - )

®|f a6 can be chosen so that the off-diagonal
elementsa, , and a,, are 0, matrix A isdiagonal

and the diagonal entries are eigenvalues!
(au _az,z)CXS+a1,2(C2 —SZ)=0

U simple facts from trigonometry
&, _ CxS _  cos(@)sin(P) sin(26) = 2 sin(8) cos(H)
=%, C=5 cos’(0)=sin"() cos(26) = cos’ (8) — sin* (6)

U
a , _ 2 o cos(f)sin(8) _ 1 sin(26) _ tan(26)
a,-a, 2 cos’ (@) —sin’*(6) 2 cos(26) 2

If a1 # 3y,

otherwise, 0=m/4 3




Eigenvalues of 2x2 Symmetric
Matrices: 3/4
@ Consider thisA:

12 43
A_LB 4}

®From matrix A, wehavea, , =2,a,,=4and a, , =
a,; = V3.

®Sincetan(26) = 2a, ,/(a,,- & ;) = V3, we have 26 =
n/3, =m/6, S=sn(8) =Y, C=cos(d) = (V3)/2.

®Thenew a, , isa, ;,C*- a, ,CxS+a,,5*= 1, the new
8y, 1S a1,15}+ a, ,CxSt+a, ,C*>= 5, and thenew a, , =
a,, = 0.

® T herefore, eigenvaluesof A are+1 and +5!

33



Eigenvalues of 2x2 Symmetric

Matrices: 4/4

® et usverify theresult. SinceS=sn(f =% and
C = cos(6) = (V3)/2, therotation matrix R is:
A

C S Y
R= —| 2
{—s Cl | 3

®Therotated A isA’ = RT-AR -

1 B A 1 3]
_RT . A.R— 5 _7 . 2 3 . 5 7 — 0
S N A R
2 2 2 2
®A’ Isdiagonal and eigenvaluesof A arel and 5.

34



Classic Jacobi Method: 1/13

® Jacobi published a method in 1846 capable of
finding all eigenvalues and eigenvectorsof a
symmetric matrix with repeated rotations.

®Find an off-diagonal entry with maximum
absolutevalue, say a, ,, wherep <.

®if [a, | <€ whereeisagiven tolerance, stop.
®Apply a (p,g)-rotation to eliminate a, , and a, .

®Repeat thisprocess until all off-diagonal elements
becomevery small (i.e., absolute value < g).

® Thediagonal entries are eigenvalues.
®Rotations do not alter eigenvalues! s



Classic Jacobi Method: 2/13

®Basically, Jacobl method startswith a symmetric
matrix A, = A.

®Find arotation matrix R, so that an off-diagonal
entry of A, = R,"-A;R, becomes 0.

®Then, find arotation matrix R, so that an off-
diagonal entry of A, =R,"-A,-R, becomes 0.

®Theentry of A; eiiminated by R, can become non-
zeroin A,; however, it would be smaller.

®Notethefollowing fact:
A=R"-A-R=R"-(R"-A-R)R
A=R"-R"-AR-R %



Classic Jacobi Method: 3/13

®Repeating this process, for iteration I, arotation
matrix R; iIsfound to eliminate one off-diagonal

entry Of AI - RiT'Ai_l'Ri .
®Thus, A, Iscomputed asfollows:

T T
A:RT'R_lT ..... Rz .|:\>1 'Ab'R'Rz""R—1'R
® Jacobi showed that after some number of

Iter ations, all off-diagonal entriesare small and
theresulting matrix A, iIsdiagonal.

® Therefore, the diagonal entriesof A, arethe
eigenvaluesof A.

37



Classic Jacobi Method: 4/13

®Hereisatemplate of the Jacobi method.

DO

p =1 find max off-diagonal entry
a 2
DO i =1, n

DO j = i+l, n

IF (ABS(a(p,q)) < ABS(a(i,j)) THEN

P = 1
qa=3
END IF
END DO
END DO

IF (ABS(a(p,q)) < Tol) EXIT

Apply a (p,q)-rotation to matrix a(*,*)
END DO




Classic Jacobi Method: 5/13

® Theonly remaining part isan efficient and
accurate way of “applying a (p,qg)-rotation.”

®\We saw the 2x2 case ear lier: find an appropriate
rotation angle 6, compute C=cos(0) and S=sin(0),
and update matrix A.

® Thisapproach requirestan(0) , which can be
time consuming and may lose significant digits.

® T herefore, we need afaster and mor e accur ate
method.

39



Classic Jacobi Method: 6/13

®Thefollowing showsthenew a, ;, a,, and a, , after

rotation.
' . 2 2
Ap,p = ap,pC —2ap,qC>< S+ aq,qS

Y 2 2
A . —ap,pS +2ap’qC><S+ aq,qC

q,
_Ap,q N A'0|,|o - (ap,p _aq,q)(_:XS-l_ap,q (C2 - Sz)
® Setting the new A, to Oyields an angle 6 that can
eliminate A . and A, .
®\\e shall use a different way to find tan(6), from

which sin(0) and cos(0) can be computed easlly
without the use of the tan-1() function.

40



Classic Jacobi Method: 7/13

®\Wefollow the 2x2 case.

A =(a,p—8,4)CxS+a,,(C°-S)=0
U
Qg  CxXS  cos(@)sin(@d) 2 y cos(6)sin(6)

a,,~8,, C’—-S cos’(@)-sin’(@) 2  cos’(§)—sin*(6)
U
. .
oq lx sin(26) _ 1

= —tan(26)
,q—8,, 2 cos(20) 2

U rewrite to use cot()

2a —a
tan(26) = 2 cot(260) = %~ %
g~ 3 p 2ap,q




Classic Jacobi Method: 8/13

®But, what wereally need istan(0)!
®L et t=tan(0), and we havet=S/C.

®From cot(20), we have the following:
cot(20) = C(.)S(29) _ cos .((9)—sm @) _C -5
o sin(20)  2sin(0)cos(O) 25xC _
®Divide the numerator and denominator with C2:
(C*-5*)/C* 1-S*/C* 1-t
cot(20) = — = =
(2SxC)/C*  2(S/C) 2t
® T herefore, we have:

2 —_—
Azl_—t WhereA:cot(zﬁ):aq’q Ap.p

2t 23,4

42



Classic Jacobi Method: 9/13

® From A=(1-t?)/(2t), we have t>+2At-1 = 0.

®Thismeansthedesired t = tan(0) isone of thetwo
roots of t>+2At-1 = 0.

®Therootsof t24+2At-1=0are

t=—A+JA2+1

®\Which root is better?

® Important Fact: If x, and x, areroots of
X“+0x+c=0, then X;+X,= band X1XX,=C

®Sincethe product of theroots of t2+2At 1=0is-1,
the smaller (or desired) one must bein [-1,1].
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Classic Jacobi Method: 10/13

® Consider the following manipulation:
avoid cancellation

— 2
(—Ai\/A2+1)><_A+VA tl ¥
-Axa 1 QarJaT1)
®\We haveto avoid cancellationwitaT A islarge.
®|f A>0,use+. Thedenominator isA+(A%+1)V2 >
1 and the positiveroot islessthan 1.
®|f A <0, use— Thedenominator iSA-(A%+1)V2 < -
1 and the negativeroot isgreater than -1.
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Classic Jacobi Method: 11/13

®If A>0(resp., A<0),thedesired “smaller” root is
1V(A+(A%+1)Y2) (resp., 1/(A-(A%+1)12).
®Thisroot can berewritten asfollows:
sign(A)

t ) +m and
®Since [t| £ 1, theangle of rotation isin [-i/4,mt/4].
®After t (1.e., tan(0)) iscomputed, C=cos(0) and

S=sin(0) arethefollowing

1
C =cos(0) = and S=sin(d)=Cxt

J1+t?

<1

45



Classic Jacobi Method: 12/13

Compute A and t, and obtain C=cos(6) and S=sin(0)

! This section computes C and S
! From a(p,p), a(q,q) and a(p,q)
t =1.0
IF (a(p,p) != a(q,q)) THEN

D = (a(g,,q)..a‘(pfp-)-)/(.2zca.(p.,.q).).

END IF “teccececceces
C = 1/SQRT(1l+t*t)
S = C*t

In Fortran 90, SIGN (a, b)
means using the sign of

b with the absolute value
of a. Thus, SIGN(10,-1)
and SIGN(-15,1) yied
-10 and 15, respectively. 46




Classic Jacobi Method: 13/13

®Finally, the classic Jacobi method is shown below.

® Scan the upper triangular portion for max
la(p,q)|, wherep < q.

®A (p,g)-rotation based on thevaluesof Cand S
setsa(p,q) and a(q,p) to zero.

Classic Jacobi Method

Find the max |a(p,q)| entry, p < g
IF (|a(p,qQ)| < Tol) EXIT

From a(p,p), a(qg,q) and a(p,q) compute t

From t compute C and S

Perform a (p,q)-rotation with a(p,qg)=a(qg,p)=0
END DO




Computation Example: 1/5

® Conslder the following symmetric matrix:

12 @ 6]
A=l 6 16 2
6 2 16

®Thelargest element ison row 1 and column 2.

®Sincea,,=12, 8, ,=6 and a,,=16, we have A =
(&, ,-a4 1)/(2a, ,)=0.33333334, and t = 0.7207582.

®Fromt=0.7207582, we have C = 0.8112422 and
S=0.5847103.
- 0.8112422 0.5847103

R,=[-0.5847103  0.8112422




Computation Example: 2/5

@
Thenew A =R,,' ARlzlglmInated

"7.6754445 6.036874"
A=| 0.0 20.32456 -1.885777
| 6.036874 -1.885777 160

® T he off- diagonal entry with the largest absolute

= NDLAQ™7
VaIUU Ib d13 — -0. UOUOI’-I-

A = (a5, a1 (28, 5) = -0 68947533, t= -0.5051753
C=0.885334, and S=-0.4645553.
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Computation Example: 3/5

®Therotation matrix R, ;1S
" 0.885334 -0.46495553"

R,s = 1
_0.46495553 0.885334 |

®Thenew matrix A =R, 3"-A-R, ;is

was 0! eliminated
asosuns TSR @
A= 20.32456  -1.669543
19.17042

eliminatethisonein the next iteration



Computation Example: 4/5

®Thelargest entry isa, ;=-1.669543.

® Since a, ,=20.32456, a, ;—=-1.669543,
a; 5—19. 17042 A = (a3 3 a2 2)/(2a2 3)=0.34564623,
and t=0. 71240422

® T herefore, C=0.81445753 and S=0.58022314.
®Thenew rotation matrix R, ;1s:

B
R = 0.81445753 0.58022314
-0.58022314  0.81445753 |
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Computation Example: 5/5

®Thenew matrix A =R,;"-A-R,;is: /They were 0!

A=

[ 4.505028

-0.7141185 -0.5087411|
21.51395
17.98103 |

|

minated

®\With 5 moreiterations, the new matrix A

becomes

A=

[ 4.455996

21.54401

18.0

® Theeigenvalues are 4.455996, 21.54401, 18.0

®|n hand calculation of small matrices, direct
matrix multiplication may be more convenient!
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Where Are the Eigenvectors: 1/6

® An important fact: If Risarotation matrix,
then R1=R"! So, R'sinverseisR’stranspose.
Notethat C?+ S°=1!

Identity matrix

S, 0,0
e O 1 O ) O 1 O é
...... 0 2o |




Where Are the Eigenvectors: 2/6

® Two more simple facts: (A-B)1=B1A!
and (A-B)T =BT-AT.
® Jacobi method uses a sequence of rotation

matricesR,, R,, ..., R totransform the given
matrix A to adiagonal form D:

RT (R;H ((RQT (RIT A Rl)' Rz)) Rm)‘ R =D
® T he aboveisequivalent to:

(R; RT Rl RIT) A (R-R-+R,,-R,)=D
®Since (A-B)T =BT-AT, we have the following:

(R-R '""Rn—l'Rm)T A(R-R R -R)) =D
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Where Are the Eigenvectors: 3/6

oLet V=R, R, ...-R. Then, we hav
®\Weshall show V1=VT, SinceR4=RT' and

V—lz(R.RZ....Rm)—lz ..... R2_1°Rl_1
we have
VI=R ... RT-R R ... =(R-R - Rm)T 7
®Therefore|V-A-V =D holds.

® Multiplying both sidesby V yields A-V =V D.

VLAY = D\
v(v Av)

\AV _V.D



Where Are the Eigenvectors: 4/6

Vn—l,l

®L et the column vectorsof V bev,, v,, ...,
V = ViVl v, ] ).
®Then, V-D =[d,v,|d,Vv,|...|d v, ] and A-v;, = dv,

v, (I.e,

and the eigenvectors are the columns of V!

Vo
V1,2
V2,2

Vn_1’2 o o o

Vn,2

- |V

Vn-l

I,n-1

) V2,n—1

Vv

n-1,n-1

n,n-1

Vn
L,n

v,

,N

\Y/

n-1,n

n,n

:[dl'Vl |d, v, |"'|dn'Vn]
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Where Are the Eigenvectors: 5/6

® T hefollowing shows an inefficient way using
matrix multiplication.

! A is the input nxn symmetric matrix
V = the identify matrix

DO
find the largest off-diagonal entry |a(p,q) |

IF (|a(p,q)| < Tol) EXIT
compute A, t, S and C
update matrix a(*,*)

V = V*R ! eigenvectors

END DO
! Eigenvalues are the diagonal entries of A

! Eigenvectors are the columns of V
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Where Are the Eigenvectors: 6/6

®The computation of V=V-R issimilar to A-R!

®\/ =[v;;] Isnot symmetric, and two complete
columns (i.e., columns p and g) must be updated.

VeR=

vl’pC —vl,qS
vz,pC —vz,qS

vp’pC —vp,qS
vq,pC —vq,qS

v. C-v

n-1,p n—-1,q
Vv, IoC — vn,qS

vl,pS+ vl’qC
vz’pS+ vz,qC

vp,pS+ vp’qC
vq,pS+ vq’qC

V. . S+v

n-1,p n-1,q
' vn,pS+ vn,qC
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Example-Continued: 1/4

® Theinput matrix is:
12 @ 6
A= 16 2
_—6 2 16
®Since a,, Isthelargest, rotation matrix Ry, IS:
[ 0.8112422 0.5847103 |
R, =|-0.5847103  0.8112422

1
®Matrix V, approx. eigenvectors, is|-R ,

08112422 05847103
V=I1-R,=-05847103 03112422




Example-Continued: 2/4

®Now, thenew matrix A Is:
(7.6754445 0.0
A=| 0 20.32456  -1.885777
6.036874  -1.885777  16.0
®Thelargest off-diagonal isa; ;and R, 5 is
0.885334  -0.46495553
R1,3 = 1
0.46495553 0.885334
® Therefore, new approx. eigenvectorsmatrix V is

[ 07182204 05847103 —0.3771916]
V=V-R,;=-05176639 08112422 0.27186423
04649555 0 0.885334
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Example-Continued: 3/4

®For Iteration 3, matrix A IS;
[4.505028 -0.8768026

A=

20.32456

0.0
1669543
19.17042

®Sincea, isthelargest, R, ;is

Rz,3 =

1

0.81445753 0.58022314
-0.58022314  0.81445753 |

®The approx. eigenvector matrix V is:

V=V-R,

© 0.7182204
= -05176639
| 04649555

0.6950770  0.03205594 |
05029804  0.6921234

- 05136913 0.7210670
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Example-Continued: 4/4

®Fivemoreiterationsyieldsthe new matrix A:

[ 4.455996 |
A= 21.54401

0.7473423 |1 0.6644393
-0.4698294 |1 0.5284512
0.4698295 |-0.5284505

-0.3606413E-6
0.7071065
0.7071069

Normally eigenvalues are sorted and eigenvector s are nor malized

62



Convergence of Jacobi Method

® T he classic Jacobl method always conver ges.

®L et S(A) bethe sum of squares of all off-diagonal
entries, where A=[a;;] iIsa nxn symmetric matrix:

A=Y Y & =254

i=1 j=1,j= i=1 j=i+l

® Then, the sequence of values S(A,) decreases
monotonically to zero, where A, istheresult of the
K-th rotation.

® T his means eventually all off-diagonal entries will
become zer os (I.€., diagonal).
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Two Improvements: 1/4

® T he following two useful improvementsare due
to H. Rutishauser.

® T he following formula was used to computet =
tan(0):
f = SgN(A)  \where A — g ~ Fp,p

[A|+VA” +1 2a,

®If Aislarge, A may cause overflow.
®To avoid overflow, onemay set t to 1/(2A) iIf Ais
lar ge because A*+1 iscloseto A2

®How large is large enough so that A
will not overflow? EXxercise!
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Two Improvements: 2/4

® Theupdating formulasfor thenew a, , and a,
and the formulasfor rows p and g and columns
p and g of matrix A can be modified so that they
are computationally more stable than the
original.

®Reminder: Thefollowing formulas were used:

2 . 2 —a
¢ oS cot(20) = %a " %
2C%X S 2a,

C=cos(d) S=sin(@) t= g = tan(0)

65



Two Improvements: 3/4

® Simplify the formula for the new ag
AL = a C2—2a £xS+a,.S

P, P
2 2
(138 -2a CxS+a, S

[
Q
_|_
23
VLR N
&)
Q
Q
I
[
&)
Q)
O
X
)

~ ..

° °

.....
000000

= dp, _targ,q | \
®Theonefor Ay q Issimilar:

=q,,tta,, )CxS  2a
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Two Improvements: 4/4

®Columnspandgof A’=A-Rand V' =V-R
(eigenvector matrix) were updated as follows:
A ,=Cxa -Sxa,and A ,=Sxa  +Cxa,
®l et T =tan(0/2) = S/(1+C) .
®Notethefollowing trigonometry identity:
S I-C
T=tan(f/2)= =
1+C S
®Now, we have

= C=1-Sxr

— Cxa ,—Sxa, A = Sxa ,+Cxa
— (I—SXf)ai,p—Sxa,-,q = S><a1.’p+(1—S><f)><a1.’q

= ai’p—S(an+z-><ai,p) = a1’q+S(a1)p—z'><a,.)q)
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Cyclic Jacobi Methods: 1/5

® 7o find the max entry, the upper diagonal n(n-
1)/2 entries must be scanned.

® However, performing arotation only requires
4n multiplication (i.e., updating two columns).

®|sthis“search” worthwhile? In other word,
would this search for the max entry requires
mor e time than updating the matrix?

®\What If weforget about the search and just
perform rotationsin some order?

® Cyclic Jacobl methodsjust doesthat.
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Cyclic Jacobi Methods: 2/5

® A version of cyclic Jacobl methods scansthe
matrix in row order:

1,2) (1.3) (.4 --- (1.n
(2,3) (24 - (2N
G4 - (3N onesweep
ﬁ.
(n—1,n)
®|f the encountered entry |a, | = €, do a(p,q)-

rotation to eliminateit.
®A completeround iscalled a sweep.

®|f a sweep does not eliminate any entry, all
entries are small enough and stop!
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Cyclic Jacobi Methods: 3/5

®Hereisatemplate of this special cyclic method:

DO

NO_change = .TRUE. one sweep
DO p =1, n-1
DO g = p+l1l, n
IF (ABS(a(p,q)) >= Tol) THEN
NO change = .FALASE.

perform a (p,g)-rotation
update eigenvectors
END IF
END DO
END DO
IF (NO_change) EXIT
END DO




Cyclic Jacobi Methods: 4/5

® T hiscyclic Jacobi method converges, and the
sum of squar es of off-diagonal entries S(A,) isa
monotonic, non-increasing sequence.

®Observation: Since S(A,) isthe sum of
squar es of all off-diagonal entries, if it decreases
to zero all off-diagonal entries should be even
smaller!

®Therefore, S(A,) can be used asatolerance.

®|nstead of recomputing S(A,) for each (p,q)—
rotation, we may update it after each sweep!
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Cyclic Jacobi Methods: 5/5

®Hereisanother, better version:

DO

DO p =1
DO q =

S =
END DO

ND DQ o

, n-1
p+l, n .o
S + a(p.q)**2

checki
END DO

E °
Tol**2 )‘E.:XIT
perfSTm a sweep withdut

ng tolerance

Since this double DO only

* goesthrough the upper

triangular part, s should
be doubled to compute S(A).

Thisactually means

\/S<A)=\/n2 > & <e

i=1 j=1,j#

12



A Few Notes: 1/3

® Computing eigenvalues and eigenvectorsis not
easy for general matrices.

®Methods (e.g., Givensand Householder) are
avallableto reduce a symmetric matrix to the
tridiagonal form from which eigenvalues and
elgenvectors can be computed efficiently.

o 1,
V., O Y O
Vs 05 Y,
O an—z yn—l
]/n—l an—l yn
73
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A Few Notes: 2/3

®Methodsare availableto reduce a gener al
matrix to the Hessenberg form.

", gt dliagona

0 Xy

® T hen, other methods are used to find
eigenvalues and eigenvectors of a matrix in
Hessenberg form.
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A

Few Notes: 3/3

®One of the most power ful and recommended

methodsis

the QR algorithm, which can be used

with tridiagonal and Hessenber g forms.

®However, J
than QR!!Y

acobl’s method is mor e accur ate

®Check http://www.netlib.org/lapack/

for freelinear algebra Fortran programs.

®You may a
Numerical

so find useful programsin
Recipesby Press, at él. Thereare

commercia

products such asthe M SL and

NAG libraries, and M atlab.

[1]J. Demmel and K. Veseli¢, Jacobi’s method is more accurate than QR, 75

SAM

J. Matrix Anal. Appl., Vol. 13(1992), No. 4(Oct), pp. 1204-1245.






