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Abstract

We presentan alternative methodfor viewing time-varying volu-
metricdata.Weconsidersuchdataasafour-dimensionaldata�eld,
ratherthanconsideringspaceandtime asseparateentities. If we
treatthedatain thismanner, wecanapplyhighdimensionalslicing
andprojectiontechniquesto generatean imagehyperplane. The
useris providedwith anintuitive userinterfaceto specifyarbitrary
hyperplanesin 4D, which canbe displayedwith standardvolume
renderingtechniques.From the volumespeci�cation,we areable
to extract arbitraryhyperslices,combineslicestogetherinto a hy-
perprojectionvolume,or applya4D raycastingmethodto generate
the sameresults. In combinationwith appropriateintegrationop-
eratorsand transferfunctions,we are able to extract and present
differentspace-timefeaturesto theuser.

CR Categories: I.3.3 [Computer Graphics]: Picture/Image
Generation—Viewing algorithms; I.3.6 [Computer Graphics]:
MethodologyandTechniques—Interactiontechniques

Keywords: time-varying data,hyperslice,hyperprojection,inte-
grationoperator, transferfunction,raycasting,volumerendering

1 Intro duction

Whenanalyzinga time sequentialevent,we arelikely to think of
it as single framesof eventsin our mind's eye or how the event
progressesin time as we imagineit. Artists, photographers,and
theearlypioneersof cinematography exploredtheco-minglingof
spaceandtime. Etienne-JulesMarey's chronophotographicimage
of a �gure jumping off a chair, seenin Figure 1(a), and Marcel
Duchamp'spainting,NudeDescendinga Staircase(No. 2), seenin
Figure1(b), aretwo suchexamples.Culminatingin the late 19th
andearly20thcentury, works like thesewerea resultfrom theag-
gregationof in�uencefrom thebirth of cinema,theworksof Marey,
MuybridgeandEakins,FuturismandCubismartstyles,andthere-
de�nition of spaceandtime by scientistsandphilosophers.From
this imagery, we are able understandthe motion and �o w of the
�gures moving over time.

Traditionally, we have two methodsof visualizing time series
data. We can take a snapshotof the data,by taking a particular
time stepin a time seriesandvisualizingthat volume. It is just a
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Figure 1: Depicting time evolution in photography and art. (a)
Jumpingoff a Chair, Etienne-JulesMarey. (b) NudeDescending
a Staircase(No. 2), MarcelDuchamp.

singleframefrom a sequenceof images,andlike a 2D slice from
a 3D volume,while useful,it is out of context from theentiretime
sequence.We canalsogenerateananimationfrom thetime series
data. This is alsouseful,but we have to rely on our memoryand
cognitive abilitiesto tie togetherspatio-temporalrelationships.In-
spiredby theworksof Duchampandhispeers,weseekto visualize
time-varyingvolumetricdatain adifferentmanner.

Whatweprovideis analternativemethodto viewing timeevolv-
ing data.Ratherthanconsideringspaceandtime asseparatecom-
ponents,the dataare treatedasa four-dimensionaldata�eld. In
this manner, we can do high dimensionaldirect renderingof the
data. In the �rst sectionfollowing the relatedwork, we will dis-
cussour methodto performprojectionin four dimensions.This is
conceptuallybrokeninto two parts,thespeci�cationof a imagehy-
perplaneandtheparallelprojectionof hyperplanes.Whenwerefer
to theimagehyperplane,wearereferringto a3D hyperplanein 4D
spacewhich we projectto, similar to how we project3D spaceto
a 2D planeto visualizevolumes.Theresultof our techniquegen-
eratesa volume that is the projectionof hyperplanesalonga 4D
projectionvector, which canbe renderedusingtraditionalvolume
renderingtechniques.Then,we will describedifferentcategories
of hyperplanesandhow to interprettheprojectionof eachtypeof
the hyperplanes.The interpretationof the projectionis dependent
uponthe integrationoperatorandtransferfunctionsthatwe usein
4D projection.Fromtheseoperators,we areableto generatea 4D
hyperprojectedimagevolumethatexposesdifferentspace-timere-
lationshipsto theuser.

2 Related Work

Previousworkontime-varyingvisualizationthatrelatestoourwork
primarily focuseson visualizationof higher dimensionalobjects,
time-varyingfeaturetrackingandtransferfunctiondesign.



Alreadyin the19thcentury, mathematicianshadfashionedmod-
els to show thesequenceof hypercubeslicesin variousdirections
[Banchoff 1990].Nowadays,interactive computergraphicsputsus
into direct visual contactwith slicesof 4D cubes. It is up to us
to learnhow to interprettheseimages,andto try to overcomethe
limitation of our own 3D perspective[Cohen2000]. Over thepast
decade,many approacheshave beenproposedto visualizehigher
dimensionalobjects.Hanson,HengandCross[HansonandHeng
1992a;HansonandHeng1992b;HansonandCross1993] intro-
ducedageneraltechniqueaswell asaninteractivesystemfor visu-
alizingsurfacesandvolumesembeddedin four dimensions.In their
method,3D scalar�elds weretreatedaselevationmapsin four di-
mensionsin the sameway 2D scalar�eld could be viewed as3D
terrains.A 4D illuminationmodelwasdevelopedwhere3D Phong
lighting modelwasextendedto 4D,with tetrahedraasthebasicren-
deringprimitives. Specialcarewastaken to enhanceobjectswith
renderablepropertiesso that they arerenderablein the embedded
dimension.

The Hyperslice approach[van Wijk and van Liere 1993] pro-
posedby van Wijk and van Liere usesa matrix of orthogonal
2D slicesasthebasicvisual representationof a multi-dimensional
function. Although this approachenablesthe userto view multi-
dimensionalspacein asimpleandintuitiveway, it couldbedif�cult
to reconstructacompletementalimageof thedatafromtheseparate
multiple slicesfor higherdimensionsbecauseat mosttwo dimen-
sionsareconsideredfor asingleslice.Bajajetal.[Bajaj etal. 1998]
developedaninterfacethatprovides“global views” of scalar�elds
independentof the dimensionof their embeddedspaceand gen-
eralizedthe objectspacesplattingtechniqueinto a hyper-volume
splattingmethod.Texturemappinghardwareis utilized to directly
rendern-dimensionalviews of the global scalar�eld. In essence,
visualizationof high dimensionalobjectswastheprimary interest
for thosemethods,thereforeno explicit temporalfeaturetracking
wasattempted.

To track time-varying features,researchershave proposedvari-
ousmethodsto establishcorrespondencebetweendatain different
time steps. Silver and Wang usedspatialoverlap criteria [Silver
andWang1997] to track time-varying interval volumesevolving
in time for structuredandunstructureddata. Importanttemporal
eventssuchas bifurcation can also be detected[Samtaney et al.
1994].BanksandSinger[BankandSinger1995]useda predictor-
correctormethodto reconstructandtrackvortex tubesfrom turbu-
lent time-dependent�o ws. Reinderset al.[Reinderset al. 2001]
designedthe event graphviewer in a linked combinationwith a
3D featureviewer to assistvisualizationandexplorationof time-
dependentdata.

Researchon transferfunction designhasbeenmostly focused
on time-invariantvolumedata. Kindlmannet al.[Kindlmann and
Durkin 1998] proposeda semi-automaticalgorithm to detectthe
materialboundariesbasedon �rst and secondderivatives of the
scalardata. A function that mapsfrom data valuesto the dis-
tancesto theboundariesis usedto assistopacityassignments.Kniss
et al.[Kniss et al. 2001; Kniss et al. 2002] later followed up the
work in [KindlmannandDurkin 1998]with anintuitive userinter-
faceand introducedthe conceptof dual-domaininteraction. For
time-varying data, Jankun-Kelly and Ma [Jankun-Kelly and Ma
2001]proposedamethodto reducethenumberof transferfunctions
acrossthetime sequenceby merging thecoherentsegments.Mul-
tiple transferfunctionsfor a time-varying dataarenot frequently
used,but couldbeeffective for certainscenarios.

TheVideoCube[Microsoft ResearchGraphicsGroup2000]ap-
plicationdevelopedatMicrosoftallowsoneto loadanAVI �le asa
volume,andplaybackthemovie samplingspaceandtimein differ-
entways.A singlecuttingplaneis providedfor interactively view-
ing singlespace-timeslicesof the video. A morerecentwork on
Chronovolumesby WoodringandShen[WoodringandShen2003]

proposeda way that integratestime-varying volumedatathrough
time andproducesa singleview thatcapturestheessenceof multi-
ple time stepsin a sequence.In this paper, we generalizetheir idea
by treatingtime-varying dataasa four-dimensionaldata�eld and
allow usersto integratethedataalongarbitrarydirectionsin space
andtimeusinghighdimensionalslicingandprojectiontechniques.

3 Projection in Four Dimensions

Our goal is to understandspatio-temporalcharacteristicsof time-
varyingvolumetricdatausing4D projection.To performprojection
in four dimensions,we approachthe conceptby speci�cation of
hyperplanesin 4D spaceandprojectionof thesehyperplanes.The
conceptof slicing volumescan be readily extendedto 4D �elds,
which is sometimescalledhyperslicing. Thoughthereis a concep-
tual similarity between3D slicing and4D hyperslicing,it is less
intuitive to specify the locationandorientationof a hyperslicein
4D space. Given that, we have devised an improved methodfor
interactivespeci�cationof arbitraryhyperslices.

Basedonourhyperslicingresults,wegoonestepfurtherby per-
formingprojectionof thehyperplanes.Wewill discussthedifferent
categoriesof hyperslices,andtheprojectionthatis performed.How
wegenerateinterpretableimagesis dependentupontheintegration
operatorsandtransferfunctionsthatwe useto projectin 4D space.
With theoperatorsthatwe have designed,we areableto generate
imagesthatareeasyto interpretandenableusersto understandthe
spatio-temporalcharacteristicsof thetime-varyingvolumetricdata.

3.1 Arbitra ry Hyperslicing Speci�cation

A hyperplaneis a n� 1 subspaceof a n-dimensionalspace.Given
thatweareworkingwith 4D spaces,spaceandtime,hereafterwhen
wereferto ahyperplane,wearespeakingof a3D subspaceof a4D
space.A 4D hyperplanecanbede�ned by equationin thecoordi-
nateform:

ax+ by+ cz+ dt + e= 0 (1)

Althoughit is possiblefor theuserto provide thenumericalvalues
of the coef�cients (a;b;c;d;e) for the hyperplanein Equation1,
comparedto 3D slicing, specifyinga hyperplaneto slicea 4D vol-
umeis muchmoredif�cult dueto our limited ability to visualize
objectsin four dimensions.Thereareother forms for the hyper-
plane,suchasthe vector form n� (P� P0) = 0, which allows the
userto specifypositionandorientation,but it is still dif�cult for the
userto conceptualizewhatis beingsliced.In thefollowing, wede-
scribeour approachto addressthis issuewith thecoordinateform
hyperplanerepresentation.

In Equation1, if we �x thetime, for instancelet t = t , thenthe
hyperplaneequationreducesto ax+ by+ cz+ C = 0, whereC =
dt + eandis constant.This is a2D planein 3D spaceataparticular
instancein time,whichcanbeeasilyvisualized.Basedonthis idea,
givena hyperplaneequation,we cancomputeaswell asvisualize
thehypersliceby computingtheintersectionof thehyperplanewith
theunderlyingtime-varyingvolumeatdifferenttimesteps,andthen
stackup theresulting2D slicesto form avolume.This is theresult
of hyperslicing.Two of thelocalaxesof thehyperslicevolumespan
a planethat is orthogonalto thevector(a;b;c), andtheotheraxis
is parallelto the time axist. Sincethehypersliceis a volume,we
canvisualizethis volumeusingregularvolumerenderingmethods
in 3D space.

The above algorithmfor computinghypersliceprovidesa intu-
itivewaytohelptheuserspecifyandvisualizeahyperplane,asseen
in Figure2. Wecanseparatetheprocessof specifyingahyperplane
into two steps. In the �rst step,the userspeci�es the orientation
of theintersectionplanebetweenthehypersliceandtheunderlying
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Figure 2: (a) shows the conceptualnotion presentedto the user
on how to specify a hyperslice. The userdetermines(a;b;c) by
settingthe orientationfor a 2D slice of a time step. d and e is
determinedby theoffsetof eachslicein spaceover time. (b) shows
the interfacein the software. Threetime stepsareshown, where
blueis theslicetakenat the�rst timestep,greenis thesecond,and
red is the third. All theslicesthroughtime arestackedtogetherto
form thehyperslice.

volumein spatialdomain.In thesecondstep,theuserspeci�eshow
theintersectionplanewill move in time alongits normaldirection.
In Equation1, the �rst threecoef�cients, a;b andc, determinethe
orientationof the intersectionplanein space. The coef�cients d
ande, aswell as the valueof the time variablet, decidethe off-
setsof the intersectionplaneat differenttime steps.For instance,
whent = 0, theintersectionof thehyperplanewith thevolumehas
theform ax+ by+ cz+ e= 0. And whent = 1, theintersectionof
thehyperslicewith thevolumebecomesax+ by+ cz+ d + e= 0,
which indicatesthat the slicing planemovesalongthe planenor-
mal (a;b;c) in spatialdomainby d=

p
a2 + b2 + c2 for every time

step,assuminga;b, andc arenot all equalto zero. A hyperplane
canbe illustratedin this way that shows thespatialboundariesby
polygons,andthetemporalboundariesby colors.

3.2 Hyperplane Projection

Whenvisualizinga time-varying volumeas4D space,we extend
parallelprojectionin 3D to4Dprojection.In 3Dparallelprojection,
the2D imageplanemovesalongits normaldirection,subsampling
andintegratingtheunderlying3D volume. In four dimensions,we
have a 3D imageplanethatmovesalongits normaldirection,sub-
samplingandintegrating4D space.Thus,theresultof the4D pro-
jection is a volumewhereeachvoxel in theresultingvolumeis an
integrationof space-timesamplesalongthehyperplanenormal.To
visualizethis hyperprojectionvolume,standardvolumerendering
techniquescanbeusedto projectthevolumedown to a 2D image
plane.

Theideaof 4D parallelprojectioncanbeimplementedbasedon
the hyperslicingalgorithmdescribedin the previous section. As-
sumingthe imagevolume is initially set by Equation1, we can
computea sequenceof hyperslicesby moving the imagevolume
alongits normaldirection(a;b;c;d) in 4D space.This is equiva-
lent to updatingthehyperplaneequationby addingasmallconstant
at every samplingstep. That is, for the ith samplinghyperplane,
Si = ax+ by+ cz+ dt + e+ Dei. With the sequenceof properly
alignedhyperslices,we can integratethe voxels from the hyper-
slicesequenceto computetheprojectionresult.To ensurea proper
samplingrate,De shouldbe small enoughso that the distancebe-
tweentwo consecutivesubsamplesis lessthanor equalto onevoxel
in length. In four dimensions,the diagonalof a hypercubewith
sidesof length1, correspondingto an even spacingof samplesin
4D space,hasa lengthof 2. Half this distanceis 1, so the proper
samplingrate to get in�uence from all voxels would be De = 1,
assumingthat(a;b;c;d) is normalized.

4 Interp retation of 4D Projection

One challengethat remainsis the practicaluseof the projection
of 4D spaceand how to interpret the resulting images. Half of
the interpretationdependsuponthe form of the imagehyperplane
equation.Theotherhalf of the interpretationdependson what in-
tegrationmethodis usedto projectfour dimensionsdown to three
dimensions. Useful information promotingthe understandingof
spatialand temporalbehaviors of the datacanbe derived if suit-
ableintegrationoperatorsareusedto integratewhenhyperproject-
ing. In thefollowing, we �rst discusshow to interpretthemeaning
of 4D volume projectionbasedon the hyperplaneequation,and
thendescribethe integrationoperators.We have usedseveraldata
setsfrom computational�uid dynamicsto show examplesof our
results. Theseincludethe jet, shockwave, deltawing, andvortex
time-varyingdatasets,using10 timestepsin ourexamples.

4.1 Hyperplane Interp retation

Weclassifyahyperplanein Equation1 into threedifferentfamilies.
Eachof the familiescanbe identi�ed basedon the valuesof the
planecoef�cients, andhasa uniquemeaningwhenprojectingthe
4D spaceontothe3D hyperplane:

(1) d = 0, i.e., thehyperplanehastheform ax+ by+ cz+ e= 0;

(2) d 6= 0, a = b = c = 0, i.e., thehyperplanehastheform dt + e=
0;

(3) d 6= 0, a_ b_ c 6= 0.

(1) d = 0. When d = 0, the hyperplaneequationreducesto
ax+ by+ cz+ e = 0, which meansthat the hyperplanewill inter-
sectwith the volume at exact the samelocation for all the time
steps.This typeof hyperslicewill createavolumethatcontains2D
spatialplanesfor a �x edposition,for every timestep.If wevisual-
ize a singlehyperslice,it will createtheeffectof several2D planes
stackedalonga timeaxisasseenin Figure3(a).

When hyperprojectingalong the normal direction (a;b;c;0),
sincethe time incrementis zero,eachvoxel of thehyperslicewill
accumulatesubsamplesalong the spatialvector (a;b;c). The re-
sultinghyperprojectionof the4D �eld avolumeconsistingt slices,
whereeachsliceSt is a parallelprojectedvolumerenderedimage
alongtheviewing direction(a;b;c) for thevolumeat time stept .
Theneteffect is equalto stackingall the imagesfrom renderinga
time-varyingsequenceatoneview angle,(a;b;c), for all timesteps
into a volume. Whenviewing thesehyperprojectionvolumes,we
canobserve time evolution alonga particularviewing vector, that
waytheusercanobservethechangein aviewing pro�le. Oneother
useis to passa 2D cutting planethat is perpendicularto the time
axis in the imagehyperplane.This would give userstheability to
animatethroughtime from a particularview by moving thecutting
planebackandforwardthroughtime.

(2) d 6= 0, a = b = c = 0. In this case,thehyperplanebecomes
dt + e = 0, or t = � e=d. Visualizing the hypersliceof this form
is equivalent to visualizingthe time-varying sequenceat the time
step� e=d. Without lossof generality, we assume� e=d is a pos-
itive number. When hyperprojectingalong the normal direction
(0;0;0;1), this is equivalent to castinga ray from eachvoxel in
the imagehyperplaneinto the time direction. Every voxel in the
�nal volumeafterprojectionrepresentsa �x edlocationin theorig-
inal 3D dataspace,but the integrationof that positionover time.
Conceptually, the result is taking several volumesover time and
combiningtheminto onevolume.Theoriginalspatialdepthis pre-
served,sothatwhenthevolumeis renderedusing3D visualization
techniques,voxels fartherfrom the eye areoccludedby onesthat
arecloser. We have foundthatprojectingthe4D spacein this way
is particularlyusefulfor understandingthespaceandtimebehavior
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Figure 3: The vortex dataset with hyperplaneequationset such
that thecorrespondingrenderedhyperslicein (a) shows a 2D data
slicein spatialdomainchangingin time. Colorassignmentis based
on time, with blue being the �rst and red the last time step. A
renderedhypersliceof the concentratedataset(b) shows the data
slicesevolving with spaceandtime. By settingthe normalof the
hyperplaneorthogonalthe movementof the datain 4D space,the
growth of theacidcomponentis captured.

of time-varyingdata.Morediscussionandinterpretationof project-
ing thesehyperplaneswill begivenin thenext section.

(3) d 6= 0, a _ b _ c 6= 0. If d 6= 0 andoneof the otherhy-
perplanenormalcomponentsis not zero,thenspaceis “shifted” by
time. Giventheprevious two hyperplanefamilies,theobliquehy-
perplaneis theleastusefulandleastintuitive out of thethreefami-
lies. Projectionof thesehyperplanesprovesto behardto interpret
aswell. In case(1), the hypersliceis the accumulationof a �x ed
2D spatialsliceof every timestep.In case(2), thehypersliceis the
volumeat a particulartime step. For this case,the hyperplaneor
volumeconceptuallycreatedby thestorypresentedto theuserhas
the2D slicingplanemoving in spaceover time. Thesehyperplanes
arethemostdif�cult to understandandinterpret,becausespaceis
skewedby time in thehyperplane.

This typeof hyperplanecanbeusedto trackfeaturesin thetime-
varying data. If a featurelocatedin a 2D planethat movesover
time, which canbe matchedapproximatelyorthogonalto the nor-
mal directionof theslicing hyperplane,thenwe cantrack the fea-
ture in thehyperslice.Figure3(b) shows suchanexample. In the
concentratedataset,wherea planarfeaturemovesalonga direc-
tion in spatialdomain,theusersetsthecoef�cients (a;b;c) of the
hyperplaneaccordinglyto slicethis featurespatially. By adjusting
thecoef�cient d in thehyperplaneequation,thespatialoffsetof the
2D slicesfor every time step,we cancapturethetracesof thedata
feature.

Whenwe perform4D projectionusingthis typeof hyperplane,
we areintegratingsubsamplesat differentspacesandtimesinto a
�nal voxel in the resultinghyperprojectionvolume. Thus,a voxel
in the �nal volume doesnot represent�x ed time stepor a �x ed
position in space,like the previous two cases,respectively. This
distortionof spaceandtime makesthevolumevery dif�cult to un-
derstand,althoughwe have appliedthis to the track movementof
features,like the above examplewith the hyperslice. Furtherdis-
cussionon how we canusethis typeof projectionwill begiven in
theadditive integrationmethodin thenext section.

4.2 Integration Operators and Transfer Functions

In our 4D projectionmethod,anintegrationstepis neededto com-
bine the information from subsamplesin sequenceof hyperslices
to derive the �nal voxel color in the image hyperplane. Meth-
odsusedin regular 3D volumerenderingare typically eitherop-
tically derived or basedupon dataextraction, such as the mini-
mum/maximumintensityprojectionmethod. Sincethereis not a
notionof optically viewing in 4D space,we look towardsusingin-

(a) (b)

Figure4: Usingalphacompositionwith thehyperprojectionnormal
of (0;0;0;1), wherewe projectthroughtime. Theinterval volume
startsatblue,movesover time to green,andeventuallyendsat red.
(a)usesthevortex dataset,while (b) usestheshockwavedataset.

tegrationoperatorsasa form of dataextraction. They will provide
summaryinformationat the voxel position indicatingspatialand
temporalcharacteristicsof thedataset.In thefollowing,wepresent
severalintegrationoperatorsandtheirassociatedtransferfunctions.
Thedesignof thetransferfunctionsis closelytied with thetypeof
integration operatorsthat we utilize. There is an expectationof
what typeof datathatwe aresearchingfor andhow to summarize
thatinformation.Thetransferfunctiondecideshow to codethein-
dividualpiecesof data,andtheintegrationoperatordecideshow to
combineit into a meaningfulsummaryvoxel. We notethatnot all
integrationoperatorsaremeaningfulto all of the hyperplanefam-
ilies. Only certainsubsetsof hyperplanesmake sensewhenusing
particularintegrationoperatorsto projectthedata.

4.2.1 Alpha Composition

Like 3D volumeapplications,we canusealphacompositionin 4D
hyperprojectionto emphasizea particularrangeof datavaluesand
time steps.The transferfunction is designedso that moreimpor-
tant valueswill occludelessimportantvalues,via thealphachan-
nel. Valueswith the highestopacitywill be the mostdominantin
the imagehyperplane.Theoutputcolor channelfrom the transfer
function is usedto distinguishamongdifferentvaluesthe useris
searchingfor.

For example, we have createdan alpha compositingtransfer
function for the hyperplanefamiliesof t = � e=d. Thereare two
inputsto thetransferfunction,thescalarvalueof a sampleandthe
time ordinalvalueof thesample.Thealphais determinedbothby
the datavalueandthe time ordinal, by having two alphatransfer
functionsandmodulatingtheresultstogetherfor the�nal subsam-
ple alpha.In this way theuseris ableto specifyaninterval volume
they wishto view, andtherangeof timestepsthatareof interest.In
our examples,Figure4, the color transferfunction outputscolors
basedon thetime ordinalof a subsample,whereblue is theoldest
time step,red is the latest,andgreenis mediantime. We color by
time,sothatwhenweprojectandseveraltimestepsarecomposited
togetherin a single imagehyperplane,we areable to distinguish
whatpointsin spacearecontributedby a particulartime step.We
have foundthis usefulfor determiningthespace-timeboundaryof
interval volumes,andseeinghow valuesmove in spaceover time.
In both images,the interval volume moves over time, startingat
blue,moving to green,andeventuallyendingat red.

When we use the hyperplanefamilies that utilize d = 0, we
projectalonga vectorthatsamplesin space,but not time. For ex-
ample,the usercould specifya hyperplaneequationsuchthat the
projectionvectoris (0;0;1;0). The �nal imagevolumewould re-
sult in aseriesof timeevolving imagesof thedatarenderedlooking
down the z axis, usingalphacompositingandparallelprojection.
These2D imagesarestackedalonganaxiswhich translatesto the
timeaxisof theimage.Figure5 showsexamplesof these,usingthe
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Figure5: Using alphacomposition,but with the hyperprojection
normalof (0;0;1;0). The�nal imagevolumeis thesameasrender-
ing severaltime stepswith a parallelprojectionlookingdown thez
axis andstackingthe imagesalonga t axis. (a) shows wheneach
time stepis coloredby time. (b) is (a) rotatedto show thestacking
of theimagesalongthet axis.

vortex datasetagain. In the �gure, we color eachsliceby time in
orderto distinguisheachslice from theotherslices. If we wereto
rendereachtimestepusingtraditionalraycastingmethods,looking
down the z axis,usingparallelprojection,andstoringeachimage
in onevolume,we would getthesameresult.By passinga cutting
planeperpendicularto theaxiswhich correspondsto time, we can
quickly generateananimationlookingdown thezaxis.

4.2.2 First Hit

Wealsouse�rst hit integrationoperatorin our4Dprojection,where
the 4D samplingray will stopat the �rst encounteredsubsample
thatis not completelytransparent.Whenusing�rst hit method,we
can distinctly detectthe �rst instanceof a featurealong the pro-
jection vectorandadditionallycanallow the userto view interior
featuresof thehyperprojectionvolumemoreeasily. This is because
�rst hit will collectthe�rst subsamplein spaceandtimeasthesam-
ple for thehyperprojection.If we hadusedalphacomposition,and
usedlow opacities,voxels in the hyperprojectionvolumemay be
opaquebecauseof the accumulationof alphaover the projection
vector, andacombinationof colorsfrom severalsubsamples.

Whenusing�rst hit in conjunctionwith the hyperprojectionof
t = � e=d, it allows us to seethespace-timeboundaryof an inter-
val volumeshowing the �rst time stepthatcontainsthevaluesthe
useris interestedin. It alsoallows the userto view interior fea-
turesthroughforegroundelementswhenseveraltime stepsoverlap
in oneimageframe,aslong astranslucentalphavaluesarespec-
i�ed. An exampleis shown in Figure 6(a) using the vortex data
set. A similar coloring schemeusedin alphacompositionis used
herefor time steps,anda low opacityvalue is speci�ed for each
timestep.Theimageshowsthe�rst timestepthatcontainstheuser
speci�edvalues.Wecanrotatetheimagevolumeandobserveinter-
nal featuresthroughvoxelsthatarecloseto theeye. If wehadused
alphacompositionlike Figure4(a), the subsamplesover time that
overlappedin spacewouldhaveblendedtogether, andcreated�nal
voxelswith a high opacity. We would not beableto seethrough
themspatiallynor beableto distinguishthe �rst instancebecause
of color combination.

If we have a hyperprojectionof hyperplanesof d = 0, we have
several imagesrenderedusing �rst hit parallelprojectionlooking
down somespatialaxis,wheretheimagesarestackedalongat axis
in the�nal imagevolume.Figure6(b) shows thejet datasetusing
the�rst hit methodwith ahyperprojectionnormalof (0;0;1;0). We
havecoloredthesamplesby time,sothateachtimestepcanbeseen
in correlationwith theothertimesteps.With a low opacitysetfor a
subsample,weareableto seeeachlayerthroughthelayersthatare
closerto theeye.

(a) (b)

Figure6: Firsthit integrationmethodwhere(a)usesthevortex data
setanda hyperprojectionnormalof (0;0;0;1), so thatwe cansee
distinctly seethe �rst time stepthat containsthe interval volume.
With a low opacity for eachvoxel, we canseethroughcells. (b)
usesthe jet dataset and a hyperprojectionnormal of (0;0;1;0),
which is similar to having severaltimestepswith �rst hit rendering
lookingdown thezaxis,stackedalongat axis.

(a) (b)

Figure7: Thedeltawing andjet dataset,shown in (a) and(b) re-
spectively, usingadditive integrationandthe hyperprojectionnor-
malof (0;0;0;1). Individualtimestepsarecoloredby alinearramp
frombluetogreento red.Whitecolorindicatesthattheinterval vol-
umeoccupiesthatregion in spaceover all time steps.Othercolors
indicatethatfewer timestepsoccupy thatregion in space.

4.2.3 Additive

The additive projection methodis an unweightedsummationof
color andalphachannelsof thesubsamples.We do not usea com-
positing operator, like what is usedin alphacomposition. After
summation,wenormalizeall voxel channelsby themaximumchan-
nel value,to accountfor themaximumdisplayablehardwarecolor
channelvalue.With theadditive integrationoperatorandanappro-
priatetransferfunction,we canshow theuserwheretwo different
subsamplevaluescontribute to the projectionvoxel. The method
of showing this featureis by designingtransferfunctionsuchthat
whentwo differentvaluedsubsamplesareaddedtogether, it gener-
atesa third uniquecolor valuedifferentfrom normaltransferfunc-
tion output.

Whenusingadditivemethodin conjunctionwith thehyperplane
family of t = � e=d, wecanshow how featuresin severaltimesteps
overlapin space.Whenwecolorsubsamplesby timeordinalusing
a linear red, greenand blue transitioningcolor ramp, if subsam-
ples from all time periodsoccupy the sameregion in space,the
�nal voxel color will bewhite. This is becausea voxel positionin
the imagehyperplanecorrespondsto a singlepoint in spaceas it
evolvesover time. We will getothershadesof overlappingoccur-
ring too,suchasyellow, magentaandcyan,in additionto thethree
primarycolors. Figure7 shows thedeltawing andthe jet dataset
usingadditive integration. In both, the white regionsshow where
theinterval volumeoverlapsin spacefor all timesteps,while other
colorsindicatethatfewer time stepsoccupy thatregion in spacein
thetimesequence.



(a) (b) (c)

Figure8: A spheremoving over time to the right. (a) The sphere
integratedby alphacompositingusinga hyperprojectionnormalof
(0;0;0;1). (b) Switching to additive, we canseehow the sphere
overlapsin time and space. (c) Using a hyperprojectionnormal
of (1;0;0;1) andadditive again. Sincewe seea white sphere,we
know that thesphereis moving in that space-timevector, because
the 4D projectionray sampledin the samedirectionalongwhich
thesphereis in 4D space.

Additive integration allows us to project the hyperplanesof
d 6= 0;a_ b_ c 6= 0. If we imaginethehyperprojectionnormalas
thedirectionof acameramoving overtime,translatedto a4D space
vector, then the hyperslicestaken would be what the “viewer” is
seeingin a volumetricregion relative to its movement.Datavalues
in spacethathave thesamemovementin spacerelative to thecam-
erashouldoccupy the sameposition in every hyperslice,because
theirpositionsdonotchangein relationto thecameraover time. If
weweretocompositethesehypersliceimagestogetherandusedad-
ditive integration,we candetecttheseoverlaps,which corresponds
to a form of featuretrackingbasedon the hyperplaneprojection.
An exampleof thiscanbeseenin Figure8, wherewehaveasphere
moving left to right over time.

4.2.4 Minimum/Maximum Intensit y

We canadopttheminimum/maximumintensityprojectionusedin
3D raycastingfor our 4D volumeprojection. Whenwe integrate
the hyperslicestogether, we choosethe samplethat hasthe most
extremevaluealongthehyperprojectionrayasinput to thetransfer
function.

Whenworking with the hyperprojectionof t = � e=d, it allows
the viewer to seebimodalchangeover time within a time evolv-
ing dataset. For instance,whenthe usersusea transferfunction
thatcolorssubsamplesby time ordinal, they areableto seewhich
timestepgeneratedthemostextremevalueatapoint in space.This
would show the changein value,whetherthe valuewasrising or
falling over time. Examplesusing this techniquecan be seenin
Figure9, with the deltawing andvortex datasetusingmaximum
intensity. We color by time, like in previousexamples.For exam-
ple, the blue areasin the two imagesindicatethat the maximum
valueoccurredat theearliesttimeandthenthevaluefell over time.
Theredregionsindicatetheoppositecase,wherethevaluewasris-
ing over time, andthegreenregionsshow that thevalue�rst rose,
andthenfell over thetimesequence.

4.2.5 Average

In additionto operatorsthatdocolorcompositingor selectonesub-
sampleout of many for thetransferfunction,we canlook at oper-
atorsthat analyzethe trendalongthe projectionray. The average
operatoraveragesthesubsamplesalongtheprojectionrayandpro-
videstheresultto thetransferfunction.

Whenusedwith thehyperprojectionof t = � e=d, theimagehy-
perplaneis theaveragetrendof a positionin spaceover time. The
vortex dataset is shown asan exampleof the averageoperatorin
Figure 10(a), with the foregroundcroppedfrom it. The transfer
functionusedin thisexamplemapstheentiredatarangeto a linear

(a) (b)

Figure9: Thedeltawing andvortex dataset,shown in (a) and(b)
respectively, usingmaximumintensity integrationand the hyper-
projectionnormalof (0;0;0;1). Blue indicatesthat the valuefell
over time,redshowsthatthevalueroseover time,andgreenshows
thatthevalueroseandthenfell in thetimesequence.

rampof blue,representingsmallvalues,to green,to red,represent-
ing large values. Hyperprojectingcase(2) of hyperplanefamilies
would show the averagevalue over a spatialvector, wherea 2D
slicein the�nal volumeis aparticulartimestep.

4.2.6 Deviation

If theuserspeci�esa datavalue,thedeviation operatorwould give
a visual representationto the useron how far valuesdiffer from
theuserspeci�edvaluealongtheprojectionray. Thedeviation test
coulduseany kind of deviation operators,andin our example,the
standarddeviation is used. The operationof the deviation opera-
tor is similar to theaverageoperator. As theprojectionray collects
subsamples,theseareusedasinputsto a deviation test. In our de-
viationoperator, everysubsampleis input into astandarddeviation
testfrom a usersuppliedvalue.Thetransferfunctionis a mapping
from thecomputeddeviationvaluealongtheprojectionrayto color
andopacity.

Whenthedeviation operatoris usedin conjunctionwith thehy-
perprojectionof t = � e=d, theuseris shown how a point in space
deviatesfrom the usersuppliedvalue over time. An exampleof
thedeviation operatorusedwith thejet datasetcanbeseenin Fig-
ure10(b). In this example,whenthestandarddeviation alongthe
projectionray is small,thetransferfunctionreturnsred,which lin-
earlyrampedto white for largerdeviation values.A maximumup-
perboundfor deviation valuesis cut off, which resultsin transpar-
entregionsin theimagehyperplane.If we usecase(2) hyperplane
family for projection,theusercanseehow eachtime stepdeviates
from agivenvalueoveraspatialvector.

4.2.7 Integration Operator Summary

Usingour hyperprojectionalgorithm,usersareableto seefeatures
thatmight not normallybevisualizedwith traditionalvolumeren-
deringtechniques.The key bene�ts that arederived from this vi-
sualizationis a snapshotof a time varyingsequencepresentedin a
singlevolume.It reallydependson thetypeof integrationoperator
andtheprojectionnormalthat theuserschoosefor their visualiza-
tion onwhatsortof informationis presentedto them.Theprevious
sectionscontainedthe different typesof projection,and herewe
will summarythedifferentintegrationoperatorswehavepresented
andtheinformationobtainedfrom them.

The alphacompositionoperatoris the most basicoperatorfor
projection.It allows theuserto choosewhatvaluesof interestand
timestepsthey wishto visualizeandarepresentedwith those.First
hit operatorremoves the blendingaspectfrom the alphacompo-
sition operatorand the user is able to seethe �rst instanceof a
featuredistinctly alongthe projectionvector, ratherthanblending
several space-timevoxels together. It alsogives the capabilityof
translucenthyperprojectionvolumes,by specifyinga low opacity



(a) (b)

Figure10: (a) shows thevortex datasetusingtheaverageoperator
andahyperprojectionnormalof (0;0;0;1), from acroppedportion.
Subsamplesare averagedalong the projectionray and the result
is the input valuefor the transferfunction. (b) shows the jet data
set using the deviation operatorand a hyperprojectionnormal of
(0;0;0;1). Subsamplesareusedin a standarddeviation testfrom a
usersuppliedvalue. Thestandarddeviation resultis usedasinput
for thetransferfunctionwhereredshowssmalldeviationandwhite
shows largedeviation.

for subsamplesin the transferfunction. The additive operatoral-
lows the userto seeoverlap in time andspace.Whenprojecting
throughthe time axis with additive integration, the usercan see
how valuesoverlapin spaceover time. If we useanarbitrarypro-
jectionthrough4D space,wecanusetheadditivemethodto follow
afeature.Minimum/maximumintensityoperatorallowstheuserto
seethemostextremevalueor thetimestepthatcontainedthemost
extremevalueovertheprojectionvector. Thisallowstheuserto de-
tectinterestareasandbimodalvaluechange.Extendingtheideaof
minimum/maximumintensityover theprojectionvector, wecando
similarnumericalanalyseswith anaverageoperatorandadeviation
operator. Theuseris ableto projectalongadirectionanddetectthe
averagevalueor thedeviationof avalue.Many suchanalysesalong
theprojectionvectorcouldbecreated,thevisualizationpossibilities
arelimitless.

5 Implementation Details

Thesoftwaresystemfor implementingourdirectrenderingmethod
of 4D spacecan be separatedinto two discretemethods,by 4D
raycastingor by hyperslice-basedprojection. The former canbe
doneentirelyin softwareto generate4D projection,thoughwe use
a view-alignedhardwarerenderingmethodto rasterizethe image
hyperplane. The secondmethodcan be achieved by a hardware
slicingandsoftwareprojectionor ahardwareslicingandprojection.

5.1 Slicing Implementation

Thehyperslicingimplementationis straightforward to accomplish
in software. Given a cameraposition, a look direction, an up,
andover vectorin 4D space,we cansetup an orthogonal3D co-
ordinatesystemwhich de�nes all the points on our hyperplane.
The look direction becomesthe hyperplanenormal. To gener-
ate the other two coordinateaxes for the hyperplane,the cross
productin four dimensions[Blinn 2003] requiresthreevectorsto
producea vector orthogonalto the other three. By applying the
crossproductthreetimes, i.e. xaxis = up � over� look;yaxis =
xaxis � up � look;zaxis = zaxis � yaxis � look, we constructour
hyperplanecoordinatesystem.Usingquad-linearinterpolation,we
can resamplethe 4D points to lie within our hyperplaneby pro-
gressingalongthe3D hyperplanecoordinateaxesin 4D space.

We also provide a methodfor hyperslicing in hardware. Let
the dimensionof the original 4D spacedatastoredin xyzt fash-

(a) (b)

Figure11: Visualizinga hyperslicefrom thevortex dataset.When
zoomedin, thehyperslicewith incorrectsamplingin (a) losesde-
tailed informationcomparedwith thehyperslicewith correctsam-
pling in (b).

ion be (xdim;ydim;zdim;tdim), wherethe time stepsarevolumes
Vol0;Vol1; : : : ;Voltdim� 1. Gettinga 2D slice out of a 3D volume
canbe implementedusing3D texture hardware in a mannersim-
ilar to view-alignedhardwarevolumerendering:we needto load
the datavaluesof eachvolumeVolt (0 � t < tdim) into memory
asa 3D texture objectandupdateslicing planeif necessarywhen
renderingthe slice. In orderto guaranteethat the �nal hyperslice
would not be distorted,parallel projectioninsteadof perspective
projectionis usedandthewidth andheightof each2D imageslice
is set to be the longestdiagonalof the original 3D volume with
length =

p
xdim2 + ydim2 + zdim2. In our case,it is desirableto

set the viewing direction to be the sameas the slicing direction
(a;b;c) so that 2D imagesliceswill be alignedautomaticallyin
thehyperslice.As a 2D imageslice is rendered,its contentis read
out from framebuffer andstoredinto thecorrespondingsegmentof
thehyperslice.The framebuffer is clearedbeforewe rendereach
slice.

An issuethat needsto be addressedis the samplingratealong
t dimension. If d=

p
a2 + b2 + c2 > 1, then in order to get suf�-

cient samplesfrom the data,we needto insertoneor multiple in-
termediateslicesbetweenevery two slices,St andSt + 1, wheret is
thecurrenttime stepand0 � t < tdim � 1. UsingOpenGLmulti-
texturing and NV_register_combiners extensions,this can be
doneby keepingtheconsecutive two volumesVolt andVolt + 1 in
texturememorysimultaneouslyandinterpolatingthe intermediate
slices. An ef�cient way to perform this is to swap out only one
volumeat a time andapply two blendingequationsalternatively.
Figure 11 shows an exampleof the renderingof two hyperslices
with andwithoutcorrectsampling.

Theadvantageof thisapproachis thatit canbecompletelydone
usinggraphicshardwareandit is quicker thanthequad-linearsoft-
wareinterpolationapproach.However, thesidesof each2D image
slice could be larger than length dueto the power-of-two restric-
tion imposedby OpenGLimplementation.This mayadverselyin-
creasethesizeof the�nal hypersliceandcreatemuchemptyspace.
Observe that when we increasethe size of frame buffer in order
to satisfythe constraint,the actualdatawill not really exceedthe
boundaryof thetheoreticalonebecausewe alwaysmake theview-
ing directionto bethesameastheslicingdirection(a;b;c). Thusa
convenientway to keepthesizeof hyperslicefrom increasingis to
readonly partialof the imageslicewith sidesdelimitedby length
eachtimewhenwereadtheimagefrom framebuffer.

5.2 Projection Implementation

A software implementationfor doing 4D raycastingis a straight-
forward extensionof generatinga hyperplanein 4D space. The
previoussectionexplainedhow to samplethehyperplaneby creat-
ing a 3D coordinatesystemandsamplingthe4D space.Giventhe



de�nition of an initial view volumefrom our hyperplane,we per-
form 4D raycastingby castinga ray from eachvoxel in thevolume
through4D spacealong the hyperplanenormal. We integrateby
usingour integrationfunctionsde�ned in theprevioussection.The
volumeis visualizedby any standardvolumevisualizationmethod.

Alternatively, we canusethe hardwarehyperslicerto generate
several intermediatehyperslicesthatwill becomposedtogetherto
generatethe �nal imagehyperplane.Projectionof the volumesis
easyif hyperslicesarecorrectlyregisteredsuchthatthesamearray
position in all slicescorrespondsto the voxels alongthe 4D pro-
jection ray. To projectall the slicesto the imagehyperplane,we
composeall samplesat thesamepositionin every3D arrayto gen-
eratetheprojectionvoxel. We integrateby iteratingthroughevery
hypersliceat thesamepositionin space,andcollectingsubsamples.
Again,wecanalsouseahardwaremethodto projectthehyperplane
slicesinto theimagehyperplane.Usingcorrectlyregistered3D hy-
perslices,for every hyperslice,we project2D planeswith thesame
positionin every hypersliceinto framebuffer. Theframebuffer is
copiedandplacedinto the �nal imagevolumeat the positionthat
the 2D slicesweretaken from the hyperslices.Doing this would
beequivalentto performingtheprojectionfor all voxels in one2D
plane.After wehaveperformedour4D projectionto a3D volume,
any volumevisualizationtechniquecanbeusedto view thehyper-
projection. It is non-trivial to implementsomeof the integration
operatorsin graphicshardwareandstill someotheroperatorscan
notbeimplementedatall in currentgraphicshardware.Alphacom-
positionandadditive operatorscanbedonewith dependenttexture
lookupfor thetransferfunctions,�rst hit andminimum/maximum
intensitymight beaccomplishedwith a multi-passalgorithmusing
thestencilor zbuffers.Theotherintegrationoperatorsmaybeable
to usemorerecentprogrammablepixel shadergraphicshardware,
but it is unlikely to provide division and squareroot operations,
whichareneededin theaverageanddeviationoperators.

6 Conclusion and Future Work

Wehavepresentedanew, �e xible methodfor viewing time-varying
volumetricdata. The time-varyingdataareconsideredto bea 4D
data�eld, ratherthan separatevolumesenumeratedby time. In
this manner, we canperformhigh dimensionaldirect renderingof
the data. Our methodgeneratesan imagevolumeof 4D spaceby
projectingthedatato threedimensions.Despitethedif�culty to vi-
sualize4D space,wecanhelptheuserbettervisualizeahyperslice
by showing it asa seriesof 2D slicestaken from every time step.
Thehyperslicesarethenprojectedalongthehyperplanenormalto
generateanimagehyperplane.Thehyperplaneequationsandtheir
projectionscanbedividedinto severalcategorieswith differentin-
terpretations.Weutilize differentintegrationoperatorsandtransfer
functionsandareabletopresentspatio-temporalfeaturesto theuser
in anintuitivemanner. Webelieve thatthesemethodsareusefulfor
exploring time-varyingdatain aninformativeway.

Futurework includesinvestigating the tradeoff of memoryand
speedbetweensoftware 4D raycastingand hardware slicing. In
hardware slicing, several intermediate3D volumesare generated
to compositetogether. It may demonstratethat a 4D software
raycasteris in fact fasterthan a hardware slicing and projection
method,dueto graphicshardwareRAM limitationsandbusspeeds.
Anotherinterestingaspectto explorewouldbeseeingif specifying
anarbitraryprojectionpathwouldgenerateinformativeimages.For
instance,theusercouldspecifya splinein 4D space,which would
betheprojectiondirection.By projectingalongthis arbitrarypath,
we may be ableto follow featuresin spaceandtime for tracking.
Finally, we needto continuethedesignof interactive interfacefor
this high dimensionaldirect renderingof time-varying volumetric
data. More GUI tools that allow usersto probethe dataandget
morethanvisualfeedback,andevento specifytheirown equations

for theintegrationoperators,wouldbeimmenselyuseful.
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