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Abstract

We presentan alternatve methodfor viewing time-varying volu-
metricdata.We consideisuchdataasa four-dimensionatiata eld,
ratherthan consideringspaceandtime as separateentities. If we
treatthedatain this manneywe canapplyhigh dimensionaslicing
and projectiontechniquego generatean image hyperplane. The
useris providedwith anintuitive userinterfaceto specifyarbitrary
hyperplanesn 4D, which canbe displayedwith standardvolume
renderingtechniques.From the volume speci cation,we areable
to extractarbitrary hyperslices combineslicestogetherinto a hy-
perprojectionvolume,or applya 4D raycastingnethodto generate
the sameresults. In combinationwith appropriatentegration op-
eratorsand transferfunctions,we are ableto extract and present
differentspace-timdeaturegdo theuser

CR Categories:  1.3.3 [Computer Graphics]: Picture/Image
Generation—Yéewing algorithms; 1.3.6 [Computer Graphics]:
Methodologyand Techniques—Interactiotechniques

Keywords: time-varying data,hyperslice,hyperprojectionnte-
grationoperatoytransferfunction,raycastingyvolumerendering

1 Intro duction

Whenanalyzinga time sequentiakvent, we arelikely to think of
it assingle framesof eventsin our mind's eye or how the event
progressesn time aswe imagineit. Artists, photographersand
the early pioneersof cinematograpy exploredthe co-mingling of
spaceandtime. Etienne-Juleddarey's chronophotographiomage
of a gure jumping off a chair, seenin Figure 1(a), and Marcel
Duchamps painting,NudeDescending Staircase(No. 2), seenn
Figure1(b), aretwo suchexamples. Culminatingin the late 19th
andearly 20th century workslik e thesewerea resultfrom the ag-
gregationof in uence from thebirth of cinematheworksof Marey,
MuybridgeandEakins,FuturismandCubismart styles,andthere-
de nition of spaceandtime by scientistsand philosophers.From
this imagery we are able understandhe motion and o w of the
gures moving overtime.

Traditionally, we have two methodsof visualizing time series
data. We cantake a snapshobf the data, by taking a particular
time stepin atime seriesandvisualizingthat volume. It is just a
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Figure 1: Depicting time evolution in photograpk andart. (a)
Jumpingoff a Chair, Etienne-JuleMarey. (b) NudeDescending
a Staircase(No. 2), MarcelDuchamp.

singleframefrom a sequencef images,andlike a 2D slice from
a 3D volume,while useful,it is out of context from the entiretime
sequenceWe canalsogeneratean animationfrom the time series
data. This is alsouseful, but we have to rely on our memoryand
cognitive abilitiesto tie togetherspatio-temporatelationships.In-
spiredby theworksof Duchampandhis peerswe seekto visualize
time-varyingvolumetricdatain adifferentmanner

Whatwe provide is analternatve methodto viewing time evolv-
ing data. Ratherthanconsideringspaceandtime asseparateom-
ponents the dataare treatedas a four-dimensionaldata eld. In
this manner we can do high dimensionaldirect renderingof the
data. In the rst sectionfollowing the relatedwork, we will dis-
cussour methodto performprojectionin four dimensions.This is
conceptuallybrokeninto two parts,the speci cationof aimagehy-
perplaneandthe parallelprojectionof hyperplanesWhenwe refer
to theimagehyperplanewe arereferringto a 3D hyperplandn 4D
spacewhich we projectto, similar to how we project3D spaceto
a 2D planeto visualizevolumes. The resultof our techniquegen-
eratesa volume that is the projectionof hyperplanesalonga 4D
projectionvector which canbe renderedusingtraditionalvolume
renderingtechniques.Then,we will describedifferentcateyories
of hyperplanesandhow to interpretthe projectionof eachtype of
the hyperplanes.The interpretationof the projectionis dependent
upontheintegrationoperatorandtransferfunctionsthat we usein
4D projection. Fromtheseoperatorsye areableto generatea 4D
hyperprojectedmagevolumethatexposedifferentspace-timee-
lationshipsto theuser

2 Related Work

Previouswork ontime-varyingvisualizatiorthatrelateso ourwork
primarily focuseson visualizationof higher dimensionalobjects,
time-varyingfeaturetrackingandtransferfunctiondesign.



Alreadyin the 19thcentury mathematiciankadfashionednod-
elsto shav the sequencef hypercubeslicesin variousdirections
[Banchof 1990]. Nowadaysjnteractve computergraphicgputsus
into direct visual contactwith slicesof 4D cubes. It is up to us
to learnhow to interprettheseimages,andto try to overcomethe
limitation of our own 3D perspectie[Cohen2000]. Over the past
decademary approachesiave beenproposedo visualizehigher
dimensionabbjects. Hanson,Hengand Cross[Hansonand Heng
1992a;Hansonand Heng 1992b; Hansonand Cross1993] intro-
ducedageneratechniqueaswell asaninteractie systemnfor visu-
alizing surfacesandvolumesembeddedh four dimensionsin their
method,3D scalar elds weretreatedaselevation mapsin four di-
mensionsn the sameway 2D scalar eld could be viewed as3D
terrains.A 4D illumination modelwasdevelopedwhere3D Phong
lighting modelwasextendedo 4D, with tetrahedrasthebasicren-
deringprimitives. Specialcarewastakento enhancenbjectswith
renderablepropertiesso that they arerenderablen the embedded
dimension.

The Hypesslice approachvan Wijk andvan Liere 1993] pro-
posedby van Wijk and van Liere usesa matrix of orthogonal
2D slicesasthebasicvisual representationf a multi-dimensional
function. Although this approachenableghe userto view multi-
dimensionabkpacean asimpleandintuitive way, it couldbedif cult
to reconstrucacompletementalimageof thedatafrom theseparate
multiple slicesfor higherdimensionsbecauset mosttwo dimen-
sionsareconsideredor asingleslice. Bajajetal.[Bajaj etal. 1998]
developedaninterfacethatprovides“global views” of scalar elds
independenbf the dimensionof their embeddedspaceand gen-
eralizedthe object spacesplattingtechniqueinto a hypervolume
splattingmethod. Texture mappinghardwareis utilized to directly
rendern-dimensionaliews of the global scalar eld. In essence,
visualizationof high dimensionabbjectswasthe primary interest
for thosemethodsthereforeno explicit temporalfeaturetracking
wasattempted.

To track time-varying featuresresearcherbave proposedvari-
ousmethodgo establishcorrespondenceetweerdatain different
time steps. Silver and Wang usedspatial overlap criteria [Silver
and Wang 1997] to track time-varying interval volumesevolving
in time for structuredand unstructureddata. Importanttemporal
eventssuch as bifurcation can also be detected[Samtang et al.
1994]. BanksandSinger[Bank andSinger1995]useda predictor
correctormethodto reconstrucandtrack vortex tubesfrom turbu-
lent time-dependento ws. Reinderset al.[Reinderset al. 2001]
designedthe event graphviewer in a linked combinationwith a
3D featureviewer to assistvisualizationand exploration of time-
dependendata.

Researclton transferfunction designhasbeenmaostly focused
on time-invariantvolume data. Kindlmann et al.[Kindlmann and
Durkin 1998] proposeda semi-automatialgorithmto detectthe
material boundarieshasedon rst and secondderatives of the
scalardata. A function that mapsfrom datavaluesto the dis-
tancego theboundariess usedo assisbpacityassignmentsKniss
et al.[Kniss et al. 2001; Kniss et al. 2002] later followed up the
work in [KindimannandDurkin 1998]with anintuitive userinter-
faceand introducedthe conceptof dual-domaininteraction. For
time-varying data, Jankun-klly and Ma [Jankun-kelly and Ma
2001]proposecdmethodo reduceghenumberof transferfunctions
acrosghetime sequencdy meging the coherensggments.Mul-
tiple transferfunctionsfor a time-varying dataare not frequently
used but couldbe effective for certainscenarios.

The VideoCubdMicrosoft ResearclGraphicsGroup2000] ap-
plicationdevelopedat Microsoftallows oneto loadanAVI le asa
volume,andplay backthemovie samplingspaceandtime in differ-
entways.A singlecuttingplaneis providedfor interactively view-
ing single space-timeslicesof the video. A morerecentwork on
Chronovolumeshy WoodringandShen[WoodringandShen2003]

proposecda way that integratestime-varying volume datathrough
time andproduces singleview thatcaptureghe essencef multi-
pletime stepsin asequenceln this paperwe generalizeheiridea
by treatingtime-varying dataas a four-dimensionaldata eld and
allow usersto integratethe dataalongarbitrarydirectionsin space
andtime usinghigh dimensionaklicing andprojectiontechniques.

3 Projection in Four Dimensions

Our goalis to understandspatio-temporatharacteristicef time-
varyingvolumetricdatausing4D projection.To performprojection
in four dimensionswe approachthe conceptby speci cation of
hyperplanesn 4D spaceandprojectionof thesehyperplanesThe
conceptof slicing volumescan be readily extendedto 4D elds,
which is sometimesgalledhypeslicing. Thoughthereis a concep-
tual similarity between3D slicing and 4D hyperslicing, it is less
intuitive to specify the locationand orientationof a hyperslicein
4D space. Given that, we have devised an improved methodfor
interactive speci cationof arbitraryhyperslices.

Basedon our hyperslicingresults we go onestepfurtherby per
forming projectionof thehyperplanesWewill discusghedifferent
catgoriesof hyperslicesandtheprojectionthatis performed How
we generaténterpretablémagess dependentipontheintegration
operatoraindtransferfunctionsthatwe useto projectin 4D space.
With the operatorghatwe have designedwe areableto generate
imagesthatareeasyto interpretandenableusersto understandhe
spatio-temporatharacteristicsf thetime-varyingvolumetricdata.

3.1 Arbitrary Hyperslicing Speci cation

A hyperplaneésan 1 subspacef an-dimensionakpace.Given
thatwe areworkingwith 4D spacesspaceandtime, hereaftewwhen
we referto ahyperplanewe arespeakingf a 3D subspacef a4D
space.A 4D hyperplanecanbe de ned by equationin the coordi-
nateform:

ax+ by+ cz+ dt+ e=0 1)

Althoughit is possiblefor the userto provide the numericalvalues
of the coefcients (a;b;c;d;e) for the hyperplanein Equationl,
comparedo 3D slicing, specifyinga hyperplaneto slicea 4D vol-
umeis muchmoredif cult dueto our limited ability to visualize
objectsin four dimensions. Thereare otherforms for the hyper
plane,suchasthevectorformn (P Pg) = 0, which allows the
userto specifypositionandorientation put it is still dif cult for the
userto conceptualizevhatis beingsliced.In thefollowing, we de-
scribeour approactto addresghis issuewith the coordinateform
hyperplaneepresentation.

In Equationl, if we x thetime,for instancdett = t, thenthe
hyperplaneequationreducesto ax+ by+ cz+ C = 0, whereC =
dt + eandis constantThisis a2D planein 3D spaceataparticular
instancen time, which canbeeasilyvisualized.Basednthisidea,
given a hyperplaneequationwe cancomputeaswell asvisualize
thehypersliceby computingtheintersectiorof thehyperplanewith
theunderlyingtime-varyingvolumeatdifferenttime stepsandthen
stackup theresulting2D slicesto form avolume. Thisis theresult
of hyperslicing.Two of thelocal axesof thehyperslicevolumespan
a planethatis orthogonalto the vector(a; b; ¢), andthe otheraxis
is parallelto thetime axist. Sincethe hypersliceis a volume,we
canvisualizethis volumeusingregular volumerenderingmethods
in 3D space.

The abore algorithmfor computinghypersliceprovidesa intu-
itivewayto helptheuserspecifyandvisualizeahyperplaneasseen
in Figure2. We canseparat¢he proces®f specifyinga hyperplane
into two steps. In the rst step,the userspeci esthe orientation
of theintersectiorplanebetweerthe hypersliceandthe underlying
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Figure 2: (a) shawvs the conceptualnotion presentedo the user
on how to specify a hyperslice. The userdetermineqa;b;c) by
settingthe orientationfor a 2D slice of a time step. d ande is
determinedy theoffsetof eachslicein spaceovertime. (b) shovs
the interfacein the software. Threetime stepsare shavn, where
blueis theslicetakenatthe rst time step,greenis thesecondand
redis thethird. All the slicesthroughtime arestacled togetherto
form the hyperslice.

volumein spatialdomain.In thesecondstep,theuserspeci eshow

theintersectiorplanewill move in time alongits normaldirection.
In Equationl, the rst threecoefcients, a;b andc, determinethe
orientationof the intersectionplanein space. The coefcients d

ande, aswell asthe value of the time variablet, decidethe off-

setsof the intersectionplaneat differenttime steps. For instance,
whent = 0, theintersectiorof the hyperplanewith the volumehas
theform ax+ by+ cz+ e= 0. And whent = 1, theintersectiorof

the hyperslicewith the volumebecomesax+ by+ cz+ d+ e= 0,

which indicatesthat the slicing pIanEma/es alongthe planenor

mal (a;b;c) in spatialdomainby d= a2+ b2+ c2 for every time
step,assuminga; b, andc arenot all equalto zero. A hyperplane
canbeillustratedin this way that shavs the spatialboundariesy
polygons,andthetemporalboundariesy colors.

3.2 Hyperplane Projection

Whenvisualizing a time-varying volume as 4D space we extend
parallelprojectionin 3D to 4D projection.In 3D parallelprojection,
the 2D imageplanemovesalongits normaldirection,subsampling
andintegratingthe underlying3D volume. In four dimensionswe
have a 3D imageplanethatmovesalongits normaldirection,sub-
samplingandintegrating4D space.Thus,theresultof the 4D pro-
jectionis a volumewhereeachvoxel in theresultingvolumeis an
integrationof space-timesamplesalongthe hyperplanenormal. To
visualizethis hyperpbojectionvolume, standardvolume rendering
techniqguesanbe usedto projectthe volumedown to a 2D image
plane.

Theideaof 4D parallelprojectioncanbeimplementedasecn
the hyperslicingalgorithm describedn the previous section. As-
sumingthe imagevolumeis initially setby Equation1, we can
computea sequencef hyperslicesby moving the imagevolume
alongits normaldirection (a; b;c;d) in 4D space.This is equiva-
lentto updatingthe hyperplaneequatiorby addinga smallconstant
at every samplingstep. Thatis, for the ith samplinghyperplane,
S = ax+ by+ cz+ dt+ e+ Dei. With the sequencef properly
aligned hyperslices,we can integrate the voxels from the hyper
slicesequencéo computethe projectionresult. To ensurea proper
samplingrate, De shouldbe small enoughso that the distancebe-
tweentwo consecutie subsampleis lessthanor equalto onevoxel
in length. In four dimensionsthe diagonalof a hypercubewith
sidesof length 1, correspondingo an even spacingof samplesn
4D spacehasa lengthof 2. Half this distanceis 1, sothe proper
samplingrate to get in uence from all voxels would be De = 1,
assuminghat(a;b;c;d) is normalized.

4 Interpretation of 4D Projection

One challengethat remainsis the practicaluse of the projection
of 4D spaceand how to interpretthe resultingimages. Half of

theinterpretationdependsiponthe form of theimagehyperplane
equation.The otherhalf of the interpretationrdependon whatin-

tegrationmethodis usedto projectfour dimensiongdown to three
dimensions. Useful information promoting the understandingf

spatialand temporalbehaiors of the datacanbe derived if suit-

ableintegrationoperatorsareusedto integratewhenhyperproject-
ing. In thefollowing, we rst discusshow to interpretthemeaning
of 4D volume projectionbasedon the hyperplaneequation,and
thendescribethe integrationoperators We have usedseveral data
setsfrom computationaluid dynamicsto shov examplesof our
results. Theseincludethe jet, shockvwave, deltawing, and vortex

time-varyingdatasets,using10time stepsn our examples.

4.1 Hyperplane Interpretation

We classifyahyperplanean Equationl into threedifferentfamilies.
Eachof the families canbe identi ed basedon the valuesof the
planecoefcients, andhasa uniquemeaningwhenprojectingthe
4D spaceontothe 3D hyperplane:

(1) d= 0,i.e.,thehyperplanéhastheform ax+ by+ cz+ e= 0;

(2) d6 0,a= b= c= 0,i.e.,thehyperplanehastheformdt + e=
0;
(3) dé6 0,a_b_c6 0.

(1) d = 0. Whend = 0, the hyperplaneequationreducesto
ax+ by+ cz+ e= 0, which meansthat the hyperplanewill inter-
sectwith the volume at exact the samelocation for all the time
steps.Thistypeof hyperslicewill createavolumethatcontains2D
spatialplanesfor a x edposition,for everytime step.If we visual-
ize asinglehyperslice,t will createthe effect of several2D planes
staclkedalongatime axisasseenn Figure3(a).

When hyperprojectingalong the normal direction (a;b;c;0),
sincethe time incrementis zero,eachvoxel of the hyperslicewill
accumulatesubsampleslong the spatialvector (a;b;c). There-
sultinghyperprojectiorof the4D eld avolumeconsisting slices,
whereeachslice & is a parallelprojectedvolumerenderedmage
alongthe viewing direction(a; b;c) for the volumeattime stept.
Theneteffectis equalto stackingall theimagesfrom renderinga
time-varyingsequencatoneview angle,(a;b;c), for all time steps
into a volume. Whenviewing thesehyperprojectionvolumes,we
canobsenre time evolution alonga particularviewing vector that
way theusercanobserethechangen aviewing pro le. Oneother
useis to passa 2D cutting planethatis perpendiculato the time
axisin theimagehyperplane.This would give usersthe ability to
animatethroughtime from a particularview by moving the cutting
planebackandforwardthroughtime.

(2)d 6 0,a=Db =c=0. In this casethe hyperplanebecomes
dt+ e=0,ort= e=d. Visualizingthe hypersliceof this form
is equivalentto visualizingthe time-varying sequencet the time
step e=d. Without lossof generality we assume e=d is a pos-
itive number When hyperprojectingalong the normal direction
(0;0;0; 1), this is equivalentto castinga ray from eachvoxel in
the imagehyperplaneinto the time direction. Every voxel in the
nal volumeafterprojectionrepresents x edlocationin theorig-
inal 3D dataspace but the integration of that position over time.
Conceptually the resultis taking several volumesover time and
combiningtheminto onevolume.The original spatialdepthis pre-
sened,sothatwhenthevolumeis renderedising3D visualization
techniquesyoxels fartherfrom the eye are occludedby onesthat
arecloser We have foundthatprojectingthe 4D spacen this way
is particularlyusefulfor understandinghe spaceandtime behaior
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Figure 3: The vortex datasetwith hyperplaneequationsetsuch
thatthe correspondingenderechyperslicein (a) shavs a 2D data
slicein spatialdomainchangingn time. Colorassignmenis based
on time, with blue beingthe rst andred the last time step. A

renderechypersliceof the concentratelataset(b) shavs the data
slicesevolving with spaceandtime. By settingthe normal of the
hyperplaneorthogonalthe movementof the datain 4D spacethe
growth of theacidcomponents captured.

of time-varyingdata.More discussiorandinterpretatiorof project-
ing thesehyperplanewill begivenin the next section.

(3)d6 0,a_b _c6 0. If d6& 0 andoneof the other hy-
perplanenormalcomponentss not zero,thenspaces “shifted” by
time. Giventhe previoustwo hyperplanefamilies, the oblique hy-
perplanes theleastusefulandleastintuitive out of the threefami-
lies. Projectionof thesehyperplanesgprovesto be hardto interpret
aswell. In case(1), the hypersliceis the accumulatiorof a x ed
2D spatialslice of every time step.In case(2), the hypersliceis the
volumeat a particulartime step. For this case,the hyperplaneor
volumeconceptuallycreatedby the story presentedo the userhas
the 2D slicing planemoving in spaceovertime. Thesehyperplanes
arethe mostdif cult to understandndinterpret,becausepaceis
skewedby time in thehyperplane.

Thistypeof hyperplanecanbeusedto trackfeaturesn thetime-
varying data. If a featurelocatedin a 2D planethat moves over
time, which canbe matchedapproximatelyorthogonalto the nor
mal directionof the slicing hyperplanethenwe cantrackthe fea-
turein the hyperslice. Figure 3(b) shavs suchan example. In the
concentratelataset, wherea planarfeaturemovesalonga direc-
tion in spatialdomain,the usersetsthe coefcients (a; b;c) of the
hyperplaneaccordinglyto slice this featurespatially By adjusting
thecoefcient d in thehyperplaneequationthe spatialoffsetof the
2D slicesfor every time step,we cancapturethe tracesof the data
feature.

Whenwe perform4D projectionusingthis type of hyperplane,
we areintegratingsubsamplest differentspacesandtimesinto a

nal voxel in theresultinghyperprojectiorvolume. Thus,a voxel
in the nal volume doesnot representx ed time stepor a x ed
positionin space like the previous two casesyespectiely. This
distortionof spaceandtime makesthe volumevery dif cult to un-
derstandalthoughwe have appliedthis to the track movementof
features)ik e the abore examplewith the hyperslice. Furtherdis-
cussionon how we canusethis type of projectionwill be givenin
theadditive integrationmethodin the next section.

4.2 Integration Operators and Transfer Functions

In our 4D projectionmethod,anintegrationstepis neededo com-
bine the information from subsamplesn sequencef hyperslices
to derive the nal voxel color in the image hyperplane. Meth-
ods usedin regular 3D volume renderingare typically either op-
tically derived or basedupon data extraction, such as the mini-
mum/maximumintensity projectionmethod. Sincethereis not a
notion of optically viewing in 4D spacewe look towardsusingin-

(b)

Figure4: Usingalphacompositiorwith thehyperprojectiomormal
of (0;0;0; 1), wherewe projectthroughtime. Theintenal volume
startsat blue,movesovertimeto green.andeventuallyendsatred.
(a) usegthevortex dataset,while (b) usesthe shockvave dataset.

tegrationoperatorsasa form of dataextraction. They will provide
summaryinformation at the voxel positionindicating spatialand
temporakharacteristicsf thedataset. In thefollowing, we present
severalintegrationoperatorsandtheir associatettansferfunctions.
The designof thetransferfunctionsis closelytied with the type of
integration operatorsthat we utilize. Thereis an expectationof
whattype of datathatwe aresearchingor andhow to summarize
thatinformation. Thetransferfunctiondecideshow to codethein-
dividual piecesof data,andtheintegrationoperatordecideshow to
combineit into a meaningfulsummaryoxel. We notethatnotall
integrationoperatorsare meaningfulto all of the hyperplanefam-
ilies. Only certainsubsetof hyperplanesnake sensevhenusing
particularintegrationoperatordo projectthe data.

4.2.1 Alpha Composition

Like 3D volumeapplicationswe canusealphacompositionin 4D
hyperprojectiorto emphasize particularrangeof datavaluesand
time steps. The transferfunction is designedso that moreimpor
tantvalueswill occludelessimportantvalues,via the alphachan-
nel. Valueswith the highestopacitywill be the mostdominantin
theimagehyperplane.The outputcolor channelfrom the transfer
function is usedto distinguishamongdifferentvaluesthe useris
searchindor.

For example, we have createdan alpha compositingtransfer
function for the hyperplanefamiliesof t = e=d. Therearetwo
inputsto thetransferfunction, the scalarvalueof a sampleandthe
time ordinalvalueof the sample.The alphais determinedoth by
the datavalue andthe time ordinal, by having two alphatransfer
functionsandmodulatingthe resultstogetherfor the nal subsam-
ple alpha.In this way the useris ableto specifyaninterval volume
they wishto view, andtherangeof time stepsthatareof interest.In
our examples,Figure 4, the color transferfunction outputscolors
basedon the time ordinal of a subsamplewhereblueis the oldest
time step,redis the latest,andgreenis mediantime. We color by
time, sothatwhenwe projectandseveraltime stepsarecomposited
togetherin a singleimagehyperplanewe are ableto distinguish
whatpointsin spacearecontritutedby a particulartime step. We
have foundthis usefulfor determiningthe space-timéoundaryof
interval volumes,andseeinghow valuesmaove in spaceover time.
In both images,the interval volume moves over time, startingat
blue,moving to green,andeventuallyendingatred.

When we use the hyperplanefamilies that utilize d = 0, we
projectalonga vectorthatsamplesn spacebut nottime. For ex-
ample,the usercould specify a hyperplaneequationsuchthatthe
projectionvectoris (0;0;1;0). The nal imagevolumewould re-
sultin aseriesof time evolving imagesof thedatarenderedooking
down the z axis, using alphacompositingand parallel projection.
These2D imagesarestacked alongan axiswhich translatego the
time axisof theimage.Figure5 shovs examplesof these usingthe
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Figure5: Using alphacomposition,but with the hyperprojection
normalof (0; 0; 1;0). The nal imagevolumeis thesameasrender
ing severaltime stepswith a parallelprojectionlooking down thez
axis andstackingthe imagesalongat axis. (a) shavs wheneach
time stepis coloredby time. (b) is (a) rotatedto shav the stacking
of theimagesalongthet axis.

vortex datasetagain. In the gure, we color eachslice by time in
orderto distinguisheachslice from the otherslices. If we wereto
rendereachtime stepusingtraditionalraycastingnethods|ooking
down the z axis, using parallel projection,and storingeachimage
in onevolume,we would getthe sameresult. By passinga cutting
planeperpendiculato the axis which correspondso time, we can
quickly generatenanimationlooking down thez axis.

4.2.2 First Hit

Wealsouserst hitintegrationoperatoiin our4D projectionwhere
the 4D samplingray will stopatthe rst encounteregubsample
thatis not completelytransparentWhenusing rst hit method we
candistinctly detectthe rst instanceof a featurealong the pro-
jection vectorandadditionally canallow the userto view interior
featuresof thehyperprojectionvolumemoreeasily Thisis because
rst hit will collectthe rst subsamplén spaceandtime asthesam-
ple for the hyperprojectionIf we hadusedalphacompositionand
usedlow opacities,voxelsin the hyperprojectionvolume may be
opaquebecauseof the accumulationof alphaover the projection
vector anda combinationof colorsfrom severalsubsamples.

Whenusing rst hit in conjunctionwith the hyperprojectionof
t= e=d, it allows usto seethe space-timéboundaryof aninter
val volumeshawing the rst time stepthat containsthe valuesthe
useris interestedn. It alsoallows the userto view interior fea-
turesthroughforegroundelementsvhenseveraltime stepsoverlap
in oneimageframe, aslong astranslucentlphavaluesare spec-
ied. An exampleis shavn in Figure 6(a) using the vortex data
set. A similar coloring schemeusedin alphacompositionis used
herefor time steps,anda low opacityvalueis speci ed for each
time step.Theimageshavsthe rst time stepthatcontaingheuser
speci edvalues.We canrotatetheimagevolumeandobsereinter
nal featureghroughvoxelsthatarecloseto theeye. If we hadused
alphacompositionlike Figure 4(a), the subsamplesver time that
overlappedn spacewnould have blendedtogetherandcreatednal
voxels with a high opacity. We would not be ableto seethrough
themspatiallynor be ableto distinguishthe rst instancebecause
of color combination.

If we have a hyperprojectionof hyperplanef d = 0, we have
several imagesrenderedusing rst hit parallel projectionlooking
down somespatialaxis,wheretheimagesarestacledalongat axis
in the nal imagevolume. Figure6(b) shavs thejet datasetusing
the rst hit methodwith ahyperprojectiomormalof (0; 0; 1;0). We
have coloredthesampledy time, sothateachtime stepcanbeseen
in correlationwith the othertime steps.With alow opacitysetfor a
subsamplewe areableto seeeachlayerthroughthelayersthatare
closerto theeye.

(b)

Figure6: Firsthit integrationmethodwhere(a) usesghevortex data
setanda hyperprojectionrnormalof (0;0;0;1), sothatwe cansee
distinctly seethe rst time stepthat containsthe internval volume.
With a low opacityfor eachvoxel, we canseethroughcells. (b)

usesthe jet datasetand a hyperprojectionnormal of (0;0;1;0),

whichis similarto having severaltime stepswith rst hit rendering
looking down the z axis, stacked alongat axis.

(@) (b)

Figure7: Thedeltawing andjet dataset,shovn in (a) and(b) re-
spectvely, usingadditive integrationandthe hyperprojectionnor
malof (0;0;0; 1). Individualtime stepsarecoloredby alinearramp
from blueto greento red. White colorindicateghattheinterval vol-
umeoccupieghatregionin spaceover all time steps.Othercolors
indicatethatfewer time stepsoccupy thatregionin space.

4.2.3 Additive

The additive projection methodis an unweightedsummationof
colorandalphachannelof the subsampleswWe do not usea com-
positing operatoy like what is usedin alphacomposition. After
summationywe normalizeall voxel channeldy themaximumchan-
nel value,to accountfor the maximumdisplayablehardwarecolor
channelvalue.With theadditive integrationoperatorandanappro-
priatetransferfunction, we canshow the userwheretwo different
subsamplesaluescontritute to the projectionvoxel. The method
of shawing this featureis by designingtransferfunction suchthat
whentwo differentvaluedsubsampleareaddedogetherit gener
atesa third uniquecolor valuedifferentfrom normaltransferfunc-
tion output.

Whenusingadditive methodin conjunctionwith the hyperplane
familyoft = e=d, we canshav how featuredn severaltime steps
overlapin space Whenwe color subsampleby time ordinalusing
a linear red, greenand blue transitioningcolor ramp, if subsam-
plesfrom all time periodsoccugy the sameregion in space,the

nal voxel colorwill bewhite. This is because voxel positionin

the imagehyperplanecorrespondgo a single point in spaceasit
evolvesovertime. We will getothershadesf overlappingoccur
ring too, suchasyellow, magentaandcyan,in additionto thethree
primary colors. Figure7 shavs the deltawing andthe jet dataset
usingadditive integration. In both, the white regionsshav where
theinterval volumeoverlapsin spacefor all time stepswhile other
colorsindicatethatfewer time stepsoccupy thatregionin spacean
thetime sequence.
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Figure8: A spheremoving over time to theright. (a) The sphere
integratedby alphacompositingusinga hyperprojectiomormalof
(0;0;0;1). (b) Switchingto additive, we canseehow the sphere
overlapsin time and space. (c) Using a hyperprojectionnormal
of (1;0;0; 1) andadditive again. Sincewe seea white spherewe
know thatthe sphereis moving in that space-timevector because
the 4D projectionray sampledin the samedirectionalongwhich
thespherdas in 4D space.

Additive integration allows us to project the hyperplanesof
d6 O;a_b_c6 0. If weimaginethe hyperprojectiomnormalas
thedirectionof acameramaving overtime, translatedo a4D space
vector thenthe hyperslicestaken would be what the “viewer” is
seeingn avolumetricregion relative to its movement.Datavalues
in spacethathave the samemovementin spacerelative to the cam-
erashouldoccupy the samepositionin every hyperslice,because
their positionsdo not changen relationto the cameraovertime. If
wewereto compositahesenyperslicemagedogetheandusedad-
ditive integration,we candetecttheseoverlaps which corresponds
to a form of featuretrackingbasedon the hyperplaneprojection.
An exampleof this canbeseenn Figure8, wherewe have asphere
moving left to right over time.

4.2.4  Minimum/Maximum Intensity

We canadoptthe minimum/maximumintensity projectionusedin
3D raycastingfor our 4D volume projection. Whenwe integrate
the hyperslicestogetheyr we choosethe samplethat hasthe most
extremevaluealongthe hyperprojectiorray asinputto thetransfer
function.

Whenworking with the hyperprojectionoft = e=d, it allows
the viewer to seebimodal changeover time within a time evolv-
ing dataset. For instance whenthe usersusea transferfunction
thatcolorssubsample$y time ordinal, they areableto seewhich
time stepgeneratedhe mostextremevalueatapointin space This
would shav the changein value, whetherthe value wasrising or
falling over time. Examplesusing this techniquecan be seenin
Figure 9, with the deltawing andvortex datasetusingmaximum
intensity We color by time, like in previous examples.For exam-
ple, the blue areasin the two imagesindicatethat the maximum
valueoccurredattheearliestime andthenthevaluefell overtime.
Theredregionsindicatethe oppositecasewherethevaluewasris-
ing over time, andthe greenregionsshaw thatthe value rst rose,
andthenfell overthetime sequence.

4.25 Average

In additionto operatorghatdo color compositingor selectonesub-
sampleout of mary for the transferfunction, we canlook at oper
atorsthat analyzethe trendalongthe projectionray. The average
operatoraverageshe subsamplealongthe projectionray andpro-
videstheresultto thetransferfunction.

Whenusedwith thehyperprojectioroft =  e=d, theimagehy-
perplanes the averagetrendof a positionin spaceovertime. The
vortex datasetis shavn asan exampleof the averageoperatorin
Figure 10(a), with the foreground croppedfrom it. The transfer
functionusedin this examplemapsthe entiredatarangeto alinear
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Figure9: Thedeltawing andvortex dataset,shovn in (a) and(b)
respectiely, using maximumintensity integration andthe hyper
projectionnormalof (0;0;0;1). Blue indicatesthat the valuefell
overtime, redshavsthatthevalueroseovertime, andgreenshavs
thatthevalueroseandthenfell in thetime sequence.

rampof blue,representingmallvalues to green o red, represent-
ing large values. Hyperprojectingcase(2) of hyperplanefamilies
would shav the averagevalue over a spatialvector wherea 2D
slicein the nal volumeis aparticulartime step.

4.2.6 Deviation

If theuserspeci esa datavalue,the deviation operatomwould give
a visual representationio the useron how far valuesdiffer from
theuserspeci edvaluealongthe projectionray. Thedeviationtest
coulduseary kind of deviation operatorsandin our example,the
standarddeviation is used. The operationof the deviation opera-
tor is similar to the averageoperator As the projectionray collects
subsamplegheseareusedasinputsto a deviation test. In our de-
viation operatoyevery subsamplés inputinto a standardieviation
testfrom a usersuppliedvalue. Thetransferfunctionis a mapping
from thecomputedieviation valuealongtheprojectionrayto color
andopacity

Whenthe deviation operatoiis usedin conjunctionwith the hy-
perprojectioroft =  e=d, the useris shavn how a pointin space
deviatesfrom the usersuppliedvalue over time. An example of
thedeviation operatorusedwith the jet datasetcanbe seenin Fig-
ure 10(b). In this example,whenthe standarddeviation alongthe
projectionray is small,thetransferfunctionreturnsred, which lin-
earlyrampedo white for largerdeviation values.A maximumup-
perboundfor deviation valuesis cut off, which resultsin transpar
entregionsin theimagehyperplane If we usecase(2) hyperplane
family for projection,the usercanseehow eachtime stepdeviates
from a givenvalueover a spatialvector

4.2.7 Integration Operator Summary

Usingour hyperprojectioralgorithm,usersareableto seefeatures
thatmight not normally be visualizedwith traditionalvolumeren-
deringtechniques.The key bene ts that are derived from this vi-
sualizationis a snapshobf atime varying sequenc@resentedn a
singlevolume.lt really depend®n thetype of integrationoperator
andthe projectionnormalthatthe userschoosefor their visualiza-
tion onwhatsortof informationis presentedo them.Theprevious
sectionscontainedthe differenttypesof projection,and herewe
will summanthedifferentintegrationoperatorave have presented
andtheinformationobtainedfrom them.

The alphacompositionoperatoris the mostbasicoperatorfor
projection. It allows the userto choosewhatvaluesof interestand
time stepsthey wishto visualizeandarepresenteavith those.First
hit operatorremoves the blendingaspectfrom the alphacompo-
sition operatorand the useris able to seethe rst instanceof a
featuredistinctly alongthe projectionvector ratherthanblending
several space-timevoxels together It also givesthe capability of
translucenhyperprojectionvolumes,by specifyinga low opacity
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Figure10: (a) shawvs the vortex datasetusingthe averageoperator
andahyperprojectiomormalof (0; 0; 0; 1), from acroppedportion.

Subsamplesire averagedalong the projectionray and the result
is theinput valuefor the transferfunction. (b) shavs the jet data
setusing the deviation operatorand a hyperprojectionnormal of

(0;0;0; 1). Subsampleareusedin astandardieviation testfrom a

usersuppliedvalue. The standardieviation resultis usedasinput

for thetransferfunctionwhereredshavs smalldeviation andwhite

shaws large deviation.

for subsamplein the transferfunction. The additive operatoral-
lows the userto seeoverlapin time and space. When projecting
throughthe time axis with additive integration, the usercan see
how valuesoverlapin spaceover time. If we usean arbitrarypro-
jectionthrough4D spacewe canusetheadditive methodto follow
afeature.Minimum/maximumintensityoperatotallows theuserto
seethemostextremevalueor thetime stepthatcontainedhe most
extremevalueovertheprojectionvector Thisallowstheuserto de-
tectinterestareasandbimodalvaluechange Extendingtheideaof
minimum/maximurrintensityover the projectionvector we cando
similarnumericakanalysesvith anaverageoperatoandadeviation
operator Theuseris ableto projectalongadirectionanddetectthe
averagevalueor thedeviation of avalue.Many suchanalysesilong
theprojectionvectorcouldbecreatedthevisualizationpossibilities
arelimitless.

5 Implementation Details

Thesoftwaresystenfor implementingour directrenderingmethod
of 4D spacecan be separatednto two discretemethods,by 4D
raycastingor by hyperslice-basegrojection. The former canbe
doneentirelyin softwareto generatelD projection,thoughwe use
a view-alignedhardware renderingmethodto rasterizethe image
hyperplane. The secondmethodcan be achiezed by a hardware
slicingandsoftwareprojectionor ahardwareslicingandprojection.

5.1 Slicing Implementation

The hyperslicingimplementatioris straightforvard to accomplish
in software. Given a cameraposition, a look direction, an up,
andover vectorin 4D spacewe cansetup an orthogonal3D co-
ordinate systemwhich de nes all the points on our hyperplane.
The look direction becomesthe hyperplanenormal. To gener
ate the other two coordinateaxes for the hyperplane,the cross
productin four dimensiongBlinn 2003] requiresthreevectorsto
producea vector orthogonalto the otherthree. By applying the
crossproductthreetimes,i.e. xaxis= up over lookyaxs=
xaxis up lookzaxs= zaxs yaxs look we constructour
hyperplanecoordinatesystem.Using quad-lineaiinterpolation we
canresamplethe 4D pointsto lie within our hyperplaneby pro-
gressingalongthe 3D hyperplanecoordinateaxesin 4D space.
We also provide a methodfor hyperslicingin hardware. Let
the dimensionof the original 4D spacedatastoredin xyz fash-
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Figurel1l: Visualizinga hyperslicefrom the vortex dataset. When
zoomedin, the hyperslicewith incorrectsamplingin (a) losesde-
tailed informationcomparedvith the hyperslicewith correctsam-

plingin (b).

ion be (xdim; ydim; zdim; tdim), wherethe time stepsare volumes

canbeimplementedusing 3D texture hardwarein a mannersim-
ilar to view-alignedhardware volumerendering:we needto load
the datavaluesof eachvolumeVol; (0 t < tgy,) into memory
asa 3D texture objectand updateslicing planeif necessaryvhen
renderingthe slice. In orderto guaranteghatthe nal hyperslice
would not be distorted, parallel projectioninsteadof perspectie
projectionis usedandthe width andheightof each2D imageslice
is setto lbe the longestdiagonalof the original 3D volume with
lengh= " xdim2+ ydim2+ zdmZ. In our case,it is desirableto
setthe viewing directionto be the sameas the slicing direction
(a;b;c) sothat 2D imagesliceswill be aligned automaticallyin
the hyperslice.As a 2D imagesliceis renderedits contentis read
outfrom framebuffer andstoredinto the correspondingegmentof
the hyperslice. The frame buffer is clearedbeforewe rendereach
slice.

An issuethat neﬁdsto be addresseds the samplingrate along
t dimension. If d= a2+ b2+ ¢2 > 1, thenin orderto get suf-
cientsampledrom the data,we needto insertoneor multiple in-
termediateslicesbetweereverytwo slices,S; and$;+ 1, wheret is
the currenttime stepand0  t < tg, 1. Using OpenGLmulti-
texturing and NV_register_combiners extensions,this can be
doneby keepingthe consecutie two volumesVol; andVol; 1 in
texture memorysimultaneoushandinterpolatingthe intermediate
slices. An efcient way to performthis is to swap out only one
volume at a time and apply two blendingequationsalternatvely.
Figure 11 shavs an exampleof the renderingof two hyperslices
with andwithout correctsampling.

Theadwantageof this approachs thatit canbe completelydone
usinggraphicshardwareandit is quicker thanthe quad-linearsoft-
wareinterpolationapproachHowever, the sidesof each2D image
slice could be larger thanlengh dueto the power-of-two restric-
tion imposedby OpenGLimplementation.This may adwerselyin-
creasehesizeof the nal hypersliceandcreatenuchemptyspace.
Obsenre that when we increasethe size of frame buffer in order
to satisfythe constraintthe actualdatawill notreally exceedthe
boundaryof thetheoreticalonebecauseve alwaysmale the view-
ing directionto bethe sameastheslicing direction(a; b; c). Thusa
convenientway to keepthe sizeof hyperslicefrom increasings to
readonly partial of theimageslice with sidesdelimitedby lengh
eachtime whenwe readtheimagefrom framebuffer.

5.2 Projection Implementation

A softwareimplementatiorfor doing 4D raycastingis a straight-
forward extensionof generatinga hyperplanein 4D space. The
previous sectionexplainedhow to samplethe hyperplaneby creat-
ing a 3D coordinatesystemandsamplingthe 4D space.Giventhe



de nition of aninitial view volumefrom our hyperplane we per
form 4D raycastingoy castingaray from eachvoxel in thevolume
through4D spacealongthe hyperplanenormal. We integrate by
usingourintegrationfunctionsde ned in the previoussection.The
volumeis visualizedby ary standardrolumevisualizationmethod.
Alternatively, we canusethe hardware hyperslicerto generate
severalintermediatehypersliceghatwill be composedogetherto
generateghe nal imagehyperplane.Projectionof the volumesis
easyif hyperslicesarecorrectlyregisteredsuchthatthe samearray
positionin all slicescorrespondso the voxels alongthe 4D pro-
jectionray. To projectall the slicesto the imagehyperplanewe
composall samplesatthe samepositionin every 3D arrayto gen-
eratethe projectionvoxel. We integrateby iteratingthroughevery

hypersliceatthesamepositionin spaceandcollectingsubsamples.

Again,we canalsouseahardwaremethodto projectthehyperplane
slicesinto theimagehyperplane Usingcorrectlyregistered3D hy-
perslicesfor every hyperslice we project2D planeswith thesame
positionin every hypersliceinto framebuffer. The framebuffer is
copiedandplacedinto the nal imagevolumeat the positionthat
the 2D slicesweretaken from the hyperslices. Doing this would
be equivalentto performingthe projectionfor all voxelsin one2D
plane.After we have performedour 4D projectionto a 3D volume,
ary volumevisualizationtechniquecanbe usedto view the hyper
projection. It is non-trivial to implementsomeof the integration
operatorsn graphicshardware andstill someotheroperatorscan
notbeimplementedatall in currentgraphicshardware. Alphacom-
positionandadditive operatorcanbe donewith dependentexture
lookupfor the transferfunctions, rst hit andminimum/maximum
intensitymight be accomplishedvith a multi-passalgorithmusing
thestencilor z buffers. The otherintegrationoperatorsnaybeable
to usemorerecentprogrammablgixel shadergraphicshardware,
but it is unlikely to provide division and squareroot operations,
which areneededn theaverageanddeviation operators.

6 Conclusion and Future Work

We have presentednew, e xible methodfor viewing time-varying
volumetricdata. The time-varying dataare consideredo be a 4D

data eld, ratherthan separatervolumesenumeratedy time. In

this mannerwe canperformhigh dimensionaldirect renderingof

the data. Our methodgeneratesn imagevolume of 4D spaceby

projectingthedatato threedimensionsDespitethe dif culty to vi-

sualize4D spacewe canhelptheuserbettervisualizea hyperslice
by shawing it asa seriesof 2D slicestaken from every time step.
The hyperslicesarethenprojectedalongthe hyperplanenormalto

generatanimagehyperplane.The hyperplaneequationsandtheir
projectionscanbedividedinto several categyorieswith differentin-

terpretationsWe utilize differentintegrationoperatorandtransfer
functionsandareableto presenspatio-tempordeaturego theuser
in anintuitive manner We believe thatthesemethodsareusefulfor

exploring time-varyingdatain aninformative way.

Futurework includesinvestigating the tradeof of memoryand
speedbetweensoftware 4D raycastingand hardware slicing. In
hardware slicing, several intermediate3D volumesare generated
to compositetogether It may demonstratehat a 4D software
raycasteris in fact fasterthan a hardware slicing and projection
method dueto graphicshardwareRAM limitationsandbusspeeds.
Anotherinterestingaspecto explorewould be seeingf specifying
anarbitraryprojectionpathwould generaténformative images.For
instancethe usercould specifya splinein 4D spacewhich would
bethe projectiondirection. By projectingalongthis arbitrarypath,
we may be ableto follow featuresin spaceandtime for tracking.
Finally, we needto continuethe designof interactve interfacefor
this high dimensionaldirect renderingof time-varying volumetric
data. More GUI tools that allow usersto probethe dataand get
morethanvisualfeedbackandevento specifytheir own equations

for theintegrationoperatorsyould beimmenselyuseful.
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